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An elementary procedure for obtaining the prolongations of arbitrary G structures is described
and applied to the affine, projective, Lorentz, conformal, and Weyl structures. Also, the condition
that a projective and conformal structure be compatible and thereby define a unique Weyl

structure is discussed from the G-structure viewpoint. Throughout, an invariant notation for jets

is employed.

PACS numbers: 04.20.Cv, 02.40. + m

1. INTRODUCTION

The geometric structures required for the formulation
of the constructive axioms of general relativity theory pro-
posed by Ehlers, et al.' are the affine, projective, Lorentz,
conformal, and Weyl structures. >* In this paper, these geo-
metric* structures are all discussed in a uniform manner as
group or G structures of first and higher order. This ap-
proach has a number of advantages. First, G structures are
naturally described by gauge fields in a way that is described
below in Sec. 2. Second, the theory of prolongations of G
structures reveals how a G structure of a given order deter-
mines an infinite sequence of G structures of progressively
higher order and leads to the notion of normal coordinates
for each type of G structure. Also, the interrelationships of
the geometric structures are more apparent because the
groups which characterize the geometric structures play a
more prominent role in the G-structure approach, a fact
which also emphasizes the role of symmetry which is of cen-
tral importance for spacetime theories.

The standard approach to the theory of G structures *~’
and their prolongations evolved from the analysis of auto-
morphism groups of G structures. Kobayashi* has given a
quite readable account of this approach. A very elegant and
quite thorough presentation of the standard theory of G
structures has been given by P. Molino.”

The theory of G structures may also be subsumed under
the broader theory of systems of partial differential equa-
tions and Lie pseudogroups developed in the work of Spen-
cer,'” Guillemin and Sternberg.'' Important new contribu-
tions to this theory have been presented by J. F. Pommaret'?
in a recent book. Some of the G structures mentioned above
are discussed therein from this more advanced and general
but less intuitive perspective.'*

The presentation given below focuses solely on the de-
scription of the above mentioned G structures and the pro-
cess of prolongation of these G structures to higher order.
Although the results obtained are the same as those obtained
by the standard approach mentioned above, the conceptual
basis for the prolongation procedure is quite different. More-
over, the prolongation procedure used below rests on entire-
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ly elementary considerations which have a vividly intuitive
interpretation, and it is simple to apply. The procedure may
be described using either frames or coframes, but it is more
simply stated using coframes.

Briefly, if h:U—R" is a local diffeomorphism of an open
neighborhood U of a manifold M into R ", then an n* co-
frame at a pointpeM isa k -jetj5[h — h ( p)] for some i, where
h ( p)istheconstant functionon Uwithimage# ( p). Roughly,
the chart (U,h ) provides an image of the neighborhood U of
M and the n * coframe at p is the k th order Taylor polynomi-
alapproximationto[h — A { p}]at p. [tisclear that the Taylor
polynomial approximation of order & at a point p determines
at an infinitesimally near point g the Taylor polynomial ap-
proximation of order k — 1 at ¢ to first order in the coordi-
nate difference x (g) — x /( p); that is, an n * coframe at p de-
termines an # *~ ' coframe at g. Since a G structure of order
k — 1 specifies at each peM an equivalence class of n* '
coframes, it is clear that a G structure of order k must satisfy
the constraint that it induce the same equivalence classes as
the lower order G structure in order to be a prolongation. In
fact, this simple constraint generates not only the prolonged
G structure but also the prolonged gauge group which char-
acterizes it. This prolongation procedure which rests on the
notion of approximation to the manifold is discussed more
fully in Sec. 2.

In Secs. 3-7, the affine, projective, Lorentz, conformal,
and Weyl structures are treated. The sequence of presenta-
tion reflects the increase in algebraic complexity. The affine,
projective, and conformal structures are prolonged to 3rd
order, beyond which order no novel features appear for these
G structures. For the Lorentz and Weyl structures, one may
stop at 2nd order because these structures define a unique
affine structure and further prolongations may be made by
appeal to the results for the affine case.

In Sec. 8, the condition that a conformal and a projec-
tive structure be compatible and hence define a unique Weyl
structure, a condition originally derived by Ehlers ef al.' is
discussed from the G structure viewpoint.

Although the prolongation procedure is applied to only
five G structures in this paper, it may be applied with equal
facility to any G structure such as symplectic, complex, Her-
mitian, and Kaehler structures. Also, one of the authors (Co-
leman) and R. Mann'* have applied the procedure to sub-
space G structures of which the Galilean structure is a
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special case.

Indeed, the procedure is applicable in more general cir-
cumstances; for example, Rogers'® has presented a view of
supermanifolds in which k jets of mappings are well defined
and the & jet of a composition is the composition of the k jets.
Since the constructions needed rest on these properties, the
theory of super coframe bundles, super G structures and
their prolongations could be carried through in a manner
directly analogous to that used for the theory of such struc-
tures on ordinary manifolds.

Throughout the paper, an invariant notation for jets is
used which is explained in Appendix A. The germ of the idea
behind the notation may be found in the work of Ehres-
mann.'® The notation used for the jet bundles that are em-
ployed is described in Appendix B and the notation used for
the various groups that appear is described in Appendix C.

2. G STRUCTURES AND PROLONGATIONS

Let Z{(M ) be a principal fiber bundle with total space
P (M), base space M, projection 7 : P{M }—M and structure
group G; that is, (M) is the structure

PM) = (PM),7p,M,G). (2.1)
Let H be a closed subgroup of G. An H structureon M is a
reduction to the subgroup H of the structure group G of
2 (M ). Such structures are in bijective correspondence with
cross sections of the associated fiber bundle

PMV/H=(PMVH, 1p,u M,G/H, 7(M)) (2.2)

of orbits under the action of H on elements of P(M ). In the
original context, Z (M ) was the principal bundle of linear
frames and the closed subgroup of the structure group

G (=GL(n)) was denoted by G rather than H.

An H structure on M given by a cross section of the
bundle (2.2) specifies an equivalence class of H related ele-
ments of P (M) for every peM. Since equivalence classes are
difficult to work with, the cross section o:M—P (M )/H is
represented by a family of local cross sections o, :U—P(U)
such that

Y pel, oy(pleo(p). 2.3)

Moreover, if o, and o, are any two such local cross sec-
tions such that U nU, s# ¢, then there must exist a cross sec-
tion p ,: UnU,—{U,nU,) X H such that

VpeUnU,, oy (p)=0cy(p)op.p) (2.4)
The transformation (2.4} is a local gauge transformation.
Note that it is an active transformation and not a passive
coordinate transformation. For a given computation, it is
often convenient to work with a particular local cross section
oy . Such a representative is usually selected by imposing a
gauge-fixing condition which amounts to choosing a par-
ticular set of coordinates for the coset space G /H. Such con-
ditions are coordinate dependent because the local trivializ-
ing maps depend on the chart (U,x). Suitable examples of
such conditions will appear below in the analysis of the var-
ious G structures.

The relevant principal bundles for the analysis of space-
time G structures and their prolongations are the bundles of
frames or coframes of order k. While the prolongation pro-
cedure used in this paper can be stated either in terms of
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frames or coframes, it is more natural to use coframes. The
bundle of 7 * coframes is denoted by

FEH M) = (H M), Toprs M, G*). {2.5)

Let peUC M and let h:U—R" be a local diffeomorphism, and
let #  p), the image of p in R”, also denote the constant map
h ( pl:U—R" such that VgeU [k ( p)( q) = h ( p)]. A pair (U,4),
called a chart, provides an image of a local neighborhood U
in the standard space R". If only one such image were al-
lowed, the local region would have all the rigidity of R";
however, for a manifold with only a differentiable structure,
all such images are allowed provided that they are smoothly
related and compatible. An element of H **(M,),called an n*
coframe at p, is a k jet j,’,‘(h — h { p)) which is the equivalence
class of local diffeomorphisms which agree with & — 4 ( p) at
p and have the same Taylor expansion of order & at p with
respect to some arbitrarily chosen chart (U, x) for a neighbor-
hood of p. Thus an n * coframe is essentially the & th order
polynomial approximation to a chart at a given point p.

A local n * coframe field is given by a local cross section
h*:U—H **(U) which is represented with respect to a given
chart (U,x) by

R (py=051,(hidix! + (1/2) A} dixidixi 4 .

Jijz
e (VKRS dEixidExk dix™),  (2.6)

where the coefficients ( hj’l,h j‘ Jurenlt J‘ .. ) are functions of
p and are symmetric with respect to their lower indices.

A field of n' coframes is a rather restrictive geometric
structure because at each point p only a single linear image of
the neighborhood of p is regarded as giving an appropriate
representation. More flexible geometric structures may be
defined by specifying at each p a class of distinguished »'
coframes rather than a unique one; for example, for any
closed Lie subgroup SG } of G}, a cross section of the associ-
ated fiber bundle SG ! \ J#"'*(M ) defines a field of equiv-
alence classes of SG | related n' coframes, an SG | structure.
IfSG ) = G}, then all linear images of the neighborhood of
any point p are regarded as equivalent and the manifold M
acquires none of the structural features of R". At the other
extreme, SG | consists of the identity element alone and the
manifold M acquires a great deal of the structure of R". For
other choices of SG ,, such as O, jand C _, the infinites-
imal neighborhoods of points pe M acquire structural at-
tributes from R" that have the microsymmetry'” of the corre-
sponding group.

Structures of higher order are defined in a similar way.
If SG ¥ is a closed Lie subgroup of G ¥, then an SG ¥ struc-
ture on a manifold M is given by a cross section of the associ-
ated fiber bundle SG £ \ ¥ *(M . Such a cross section speci-
fies at each peM an equivalence class of SG * related n *
coframes. As in the first-order case, structure is pulled back
from R" by virtue of the fact that not every & th order ap-
proximate image of the infinitesimal neighborhood of a giv-
en point p is considered faithful. However, for k > 1, there is
an additional self-consistency condition which the SG *
structure must satisfy, a condition which underlies the pro-
longation procedure used throughout the paper.

R. A. Coleman and H. Korte 2599



The self-consistency condition follows from the ele-
mentary observation that the k th order Taylor expansion of
afunction at some given point determines the (k — 1)th order
Taylor expansion of that function at an infinitesimally near
point accurately to first order in the infinitesimal vector
which describes the separation of the two points. Let
w' = x{g) — x p), where p and g are infinitesimally near
points in M. Then

X —x{p)=x"—x{q)+w'" 2.7

1

An n* coframe at p given by (2.6) determines an n* ~ ! co-

frame at ¢ by means of the replacement

dix‘—d i~ X +w (2.8)
Note that the constant term is discarded because a coframe
by definition has zero constant term. The result is
3 'L(h + hiwid i x)

+ (/2R + k) whd s~ Xd X 4

+ (ke — 0GRS, G, R W)

Xd ¥k xid K d K (2.9)
An n *-coframe field determines an n * ~ '-coframe field sim-
ply by the discarding of the & th order term. The n * coframe
at ¢ determines an n * ~ ! coframe at g; namely,

s 'Lk +hjwd; X!

+ (129, + k), wid s~ xid T x”

+ ..

+ (1/(k — 1)!)(,',':,1_,.4,, .t hJ’:,j34..j,, ,,/w/)

Xd k= hd b xkd kX ), (2.10)
where the coefficients describing the n * ~ ! coframe at g have
been reexpressed in terms of the field coefficients and their
derivatives at p means of a 1st order Taylor expansion. If the
n * coframe field is coherent, then each of the n * coframes
should be the k& th order Taylor approximation at the appro-
priate point in M of one and the same chart. Thus self-consis-
tency requires that the n* ! coframes (2.9) and (2.10) be
identical. However, there are two additional complications
to consider.

First, one is usually not concerned with a simple n *-
coframe field, but rather with an SG * structure which speci-
fies at each peM not a unique n * coframe but an equivalence
class of SG ¥ related coframes. Thus the self-consistency
condition is weakened to the requirement that the n* ~ '
coframes (2.9) and (2.10) are the same up to an SG & ~ ' trans-
formation where SG © ~ ' is the group obtained by discarding
the k th order terms of the elements of SG *. This complica-
tion may be efficiently handled by transforming (2.9) and
{2.10) to standard representatives before making the identifi-
cation.

Second, it is clear that the coefficients of w’ in (2.9) are
necessarily symmetric with respect to all of their lower indi-
ces since they arise as the coordinates of a k jet. However, the
corresponding coefficients of w’ in {2.10) need not be totally
symmetric in their lower indices since they arise by differen-
tiation of the coefficient functions describing a (k — 1}-jet
field. In general, (2.9) and (2.10) differ by a term of the form
B! w’ for each re{1,2...,k — 1}, where B! has the

Ivdaed JyJaidl
symmetry with respect to the lower indices obtained by first
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antisymmetrizing with respect toj, and #and then symme-
trizing with respect to j,, j,,...f, .

The prolongation procedure may now be described as
follows: assume that a self-consistent SG ¥ ~ ! structure is
given; for any given point peM, assume for an arbitrary
n*~'-coframe at p an extension to an n * coframe; compute
the n “ ~ '-coframes at ¢ corresponding to (2.9) and (2.10) and
reduce these to standard form using SG* ~ ! transforma-
tions; equate the results allowing for the terms of the form
B: . ., .w’. This procedure results in a system of linear equa-
tions for the k th order coefficient of the 7 * coframe. These
equations determine both the typical element of the pro-
longed group SG % and the standard representative of the
equivalence class of n  coframes belonging to the SG * struc-
ture at p with respect to the chosen coordinate system. It
may happen that the system of equations is underdetermined
in which case the group SG £ has new parameters in addition
to those of SG ¥~ !. Such new parameters arise in the prolon-
gation of the conformal or C, , structure toa C,, structure.

For every case, the process must begin at some lowest
order. Not every case begins in the first order. The affine and
projective structures begin at second order, and although the
conformal and Weyl structures are indistinguishable in first
order, they are distinguished at second order by the imposi-
tion of additional structure in the Weyl case. In all of the
cases discussed below, no new group parameters arise be-
yond second order; however, in the case of subspace struc-
tures which will be discussed elsewhere, ' new group param-
eters arise at each successive order.

We conclude this section with a formal characteriza-
tion of the notion of prolongation. For any bundle (M),
denote by J "€ (M ) the bundle of 7 jets of local cross sections
of #(M). An SG % structure is determined by a cross section
o ¥ M—SG %\ H**{M ), which in turn may be described by a
family of local cross sections 4 *:U—H **(U ) which satisfy
h*( p)ea*( p) for peU. Such a local cross section is given ex-
plicitly by (2.6}. The natural projection maps
G*—G* - 'and H**M }—H"* ~'*(M) defined by the dis-
carding of the k th order term induce projection maps
SGE—SGX"and SGENH**(M)—>SG L~ '"\H"* " '*(M).
Thus the compositions of the maps o * and & * with the ap-
propriate projection maps yield maps
oF " WM—SGX T INH* "M )and h* - LU—H* T MU).
In this way, every SG * structure uniquely determines an
SG X~ ! structure by truncation.

In an infinitesimal neighborhood of psUCM, h*~ ' is
determined to first order by jih “ ~'eJ 'H* = '*(M ).
Explicitly,

o =38 Lk + hjd X jid AW

1 )
T d,x)

Xjrd* = jhd R ),

i
T A

(2.11)

The expression (2.10) is obtained by composing the 1-jet as-
pect of (2.11) with the 1-jet d ) x(w'd o1 ).

Define a mapping e:H “*(M }—J 'H* ~ '*(M ) by means
of the substitution

R. A. Coteman and H. Korte 2600



dfx—jd*~ (2.12)
with the understanding that the constant term of the (k — 1)
jet is discarded. One obtains

'x+d,x

elh*(p)] =8k ~'I(h] + hj,d \x)jid "~ %/ + .
+ (Ut — 1)),
+h;‘ Ji ‘/d x)]pdk'lel dk—lx’kfl),
(2.13)

The expression (2.9) is related to (2.13) in the same way that
{2.10) is related to (2.11).

Both j, 4 * ~ 'and e(h *(p)) may be regarded as general-
ized elements of H* ~ '*(M ) with 1-jet coefficients. The in-
verse e(h *( p))~" is a generalized element of H*~ (M ). The
compostion j, 4 * ~ 'oe(h *( p)) ' [regarded as generalized
(k — 1) jets] has the form

5L (6! +ELd x)dk I + ..
1
(k — 1)t

This is an infinitesimal element of G ,’f =1, where the sense of
infinitesimal is made precise by the use of the 1 jet d | x.

The concept of a self-consistent SG ¥ structure may
now be formulated as follows.

Definition: An SG* structure is self-consistent iff
Joh* " 'oelh *( p))~ " is the composition of an infinitesimal
element of SG ; ~ ' and an infinitesimal element of G %~ ' of
the form (2.14) w1th E replaced by B such that the
B .,oM ¢ have the same type of symmetry with respect to
the lower mdlces as B/’ Ny discussed above.

Finally, the definition of “prolongation” may be stated
as follows.

Definition: An SG ¥ structure is the prolongation of an
SG ¥~ ' structure iff the SG “ ~ ' structure is determined by
the SG ¥ structure by truncation and the SG ¥ structure is
self-consistent.

Note that the self-consistency of the SG ¥ structure en-
tails the self-consistency of the induced SG ! structure.

3. THE AFFINE STRUCTURE

E! , dlxd§ 'Ih.dk-rk ] (214

Jvedi f

+

It is customary to describe the affine structure of space-
time as a connection on the principal bundle of linear frames
or n' frames 57 (M ). In this section, however, the affine
structure will be presented as a G structure defined by a
reduction to the affine subgroup I"2 of the structure group
G2 of the principal bundle of n? coframes

HHM ) = (H*M), 7, M, G2). (3.1)

This approach has the advantages that other related struc-
tures can be described in a similar way, that the structure is
described explicitly by local "2 gauge fields, and that the
concept of approximating the manifold by second-order
polynomials is emphasized. Moreover, the relationship of
the affine structure to affine curves and parallel transport
and to the higher-order prolongations of these structures is
quite direct and intuitive from the viewpoint of higher-order
approximation of the manifold.

The group I'"Z is the subgroup of G ? of elements of the
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form

351, (aid 3 I4,). (3.2)
The restriction of the left, free action of G 2 on H *(M ) to the
subgroup I" 2 may be used to construct the associated bundle
of equivalence classes of I"2 related n” coframes
LINFHM )

= <ri \HZ*(M)’ 7TI‘,Z,\H3" M, F'Zl \Grzt’ ‘%,Q*(M»’

(3.3)

where the typical fiber "2\ G2 is the set of left cosets. The
affine structure I is a cross section I-M~—I" 2\ H**(M ).
Since for each peM, I'( p) is an equivalence class of #* co-
frames, the affine structure may be represented locally by
cross sections h:U—H **(U ),

h(p)=031,(h;d}x' + (1/20h} d ) x'd }x*), (3.4)
which are determined up to a I' 2 left-acting gauge
transformation

L:U-U XTI%,

L(p) = 8I(ad I). (3.5)
Thus under a gauge transformation,

h(p)=L(ploh(p)

X331, (a h’dzx’+——a Vhdixdlxk).
(3.6)

Whenever desired, the gauge may be chosen by the coordi-
nate dependent gauge fixing condition

ah]=86. (3.7)
Then, the only nontrivial coefficient in (3.6) is

ry=h"n}. (3.8)
The bundle of second order curve elements is

LHM)=(LiM), 7, ML}, #M)). (3.9)

If y:R—M and #{0)
en by

Ry =38x(y\d I + (172) y5(d 21 )?). (3.10)

The n* coframe (3.4) may be used to give an image of this
curve element in R".

h(p)ojoy =3 I, [hjyidiI
(/2 (hs + by v AT ).(3.10)
Thus the image line element is linear to 2nd order iff

Y2 + vt =0,
where (3.8) has been used.

The idea that n * coframes are k th order Taylor ap-
proximations to local diffeomorphisms can be used to expli-
cate the relationship of the affine structure to the affine con-
nection and the prolongation of these structures to higher
order. Let £:U—V CR" be a local dlﬂ'eomorphlsm such that
fip)=0. Letgbeinfinitesimally nearp and set f f— flqg).
Then ;! f is determined by jpf to first order in the coordi-
nate dlfference w = x( q) — x( p), where (U,x) is a chart. Set
F=fox~"and F = fox—"'. Then to third order

=p, then an element j3yel }(M,) is giv-

(3.12)

Fix)=Fix) + — S F XXk T ij,x’xpxp, (3.13)
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where x, = x' — x/( p). Since
x, =x, +w and fiq)=Fw,
Fix) = Fix) — Fiw

J

5% 1 i f 1 i j I 4 p4S
= ij; + Eijx{]x’q‘ -+ EF-k,qux’;x; + Fjsquw
1 . ;
+ E‘“F}ksxf;xzwsy

(3.14)
where only terms up to first order in w’ have been kept. An
affine structure defines an equivalence class of second-order
coframes; namely,

igag Lo '
Hﬁln(ajd;x’+5'— L Gdixd2xk)

(3.15)

for (aj)eG L. Each such second-order coframe at p deter-
mines a first-order coframe at p

dal,(aid %) (3.16)

by projection and a first-order coframe at an infinitesimally
near point ¢

31, (@ + ' T jw)d ) (3.17)
by the substitution (3.14). The parallel transport of coframes
is defined by mapping (3.16) into (3.17).

Now consider the problem of prolonging the affine

structure to the next order. An extension of an arbitrary n’
coframe (3.15) to a n* coframe has the form

A, [a;:d;,xf + @il d

1

b hud xd ;xf], (3.18)

J

which by the substitution (3.14) defines a n*-coframe equiv-
alence class at ¢ near p which contains

dsl, (@ + a.T5whd ;x

+ —21'- (@il 5 + hjw')d 2x'd 2 x5). (3.19)

q

However, the affine structure also defines another equiv-
alence class of n” coframes at ¢, namely, the equivalence class
containing

AL (ad ix + \al (Y + T wd 2x'd L x").
(3.20)

It is natural to require that the two equivalence classes de-
fined by (3.19) and (3.20) be the same and to impose this
condition by reducing each of the n? coframes to standard
form and equating the results; however, it is necessary to
allow for a term of the form B j,,w", where B j,, has the sym-
metry in the lower indices obtained by first antisymmetriz-
ing in the indices k and r and then symmetrizing in the indi-
ces j and k. Such a term arises because the coefficients
describing the 1 jet of the local 2-jet field need not be sym-
metric in the lower indices. Similar terms arise in higher
orders. One obtains

F;k + r}k,rwr+B;krwr ‘
=r +a hw — T T (3.21)

Set "}y, = a ™ 'ih?,,. Then, the relation (3.21) gives, after

2602 J. Math. Phys., Vol. 22, No. 11, November 1981

appropriate symmetrization, the result
Ly, =4, +Ti; +T 54

+ 0yl +Tuly + LTy, (3.22)
which upon substitution into (3.18) gives the affine frame of
third order corresponding to the affine frame of second order
(3.15). Clearly, this procedure could be iterated order-by-
order to define a reduction of the structure group G & of
77 **(M ) to the affine subgroup I" * . Moreover, such a reduc-
tion defines a connection on the principal bundle
7%~ %M ); for example, suppose affine n” coframes have
been defined by (3.18) with 4}, = ail},,, where I}, is giv-
en by (3.22). Then by projection one obtains the frames (3.15)
and by substitution the frames (3.19). Taking the composi-
tion of (3.19) with the inverse of (3.15) [applied on the left of
(3.19)], one obtains an invertible map from H **(M,) to
H**(M_); namely,

af,x[(éj +Lw)dix + %(ij,w’

— Féjfi,w’—Fikl;j,w’)dgx’d,?xk}- {3.23)
To parallel transport the second-order curve element j3 ¥ giv-
en by (3.10) from p to g, the inverse of (3.23) is applied on the

left of j37. Also, note that the image of the third order curve
element

; : 1 . 1 .
Ry = azx[r.dél T e Ay e2e

under an affine n? coframe is
, .y e
33, [a;yid81+§(a;7fz + AT TP

1 i i s j i s j 3
ol + T + AT AN >4d31)‘]-
' (3.25)

This image curve is linear to third order provided that (3.12)
holds and

75 + 31_‘,‘:1(7’}27/1( + rﬂ/?”i?’??’i =0 (3.26)
holds. The result agrees with the usual result obtained by
differentiating the equation for affine curves. In addition, the
prolongation to order k gives the k jet of the coordinate
transformation that relates the given coordinate system to
the normal coordinate system for a given point p. In the
normal coordinate system all of the functions I}z, iy, ...
vanish at p.

4. THE PROJECTIVE STRUCTURE

The projective structure of space-time is a second-order
G structure defined by a reduction of the group
G % of #**(M ) to the subgroup P consisting of elements of
the form

aﬁln(ajdﬁlj—k—z%(ajak +dia)d 3l d3IY). (4.1)

As in the affine case, the restriction of the action of G on
H?*(M ) to the subgroup P} may be used to construct the
associated bundle of equivalence classes of P}, related n?
coframes

P2\¥**M)
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— (PINH™ M), Tps e, M, PING L, M)
(4.2)

A projective structure on space time is a cross section
IT:M—P?2\ H**(M ). Such a cross section may be represent-
ed locally by a family of cross sections h:U—H **(IJ ) [see
(3.4)], which are determined up to a P2 gauge transforma-
tion L:U—U X P2, where L ( p) is given by (4.1) and where
the a; and a, depend smoothly on peU. The cross sections 4
satisfy

Y peU, h{plll(p) (4.3)

and any two such are related by a gauge transformation of
the form

h(p)=L(p)yh(p)
= 0,1, [(alhjd}x

1 i i m i m i
+ g(a,hjk +ahja,hi+ahia,hdix

xXd2x*]. (4.4)

The gauge fixing condition (3.7) may also be used in this

case. Then the coefficient for the second-degree term in (4.4)
becomes

h=Yhi +8a,h7 +8a,h (4.5)
Since a,,, is still undetermined, the additional gauge-fixing
condition :

A "h +(n+la,h7= (4.6)

may be imposed. The coefficient of the second-degree term is
then

4.7)
The /7, which satisfy /1], = 0O are called the projective coef-
Jficients and relative to a given coordinate system uniquely
determine and are uniquely determined by the projective
structure. Clearly, the process of choosing a particular gauge
is just the selection of standard representatives for the cosets
PL\G}. For an?coframe 4 ( p)ell ( p),

H — £ 1 il —im i —1im
h = “h —m(ajh Yh + 8k T'Th i)

. ) 1 . . , .
h(p)=3dgl,(ajd ;X' + S @A + gjay + aia))d x'd jx),

14

(4.8)

wherea, = 4} and a, =%h —mpe .
n

The n” coframe (4.8) may be composed with the second-
order curve element (3.10) to give an image of the curve ele-
ment in R”,

h(p)oioy =l @rd ]
1 i i Vs i nd
+ -5(0,7/5 +all L vivy + 247, a, yiNd ol ).
(4.9)

The condition that this image curve element is linear to sec-
ond order is just

Vs AN + 20,17, =0. (4.10)
Since a, is arbitrary at every p, the factor a, 7{ may be cho-
sen freely in a smooth way along any integral curve. It is
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readily shown that this freedom allows an arbitrary choice of
parameter for the integral curves; consequently, (4.10) de-
scribes a path element rather than a curve element.

The projective structure determines only a family of
connections on the manifold. By projection and substitution,
the coframe (4.8) determines the two coframes

91, (ajd X
and

Ol (@ +all w + diw'a, + aa,w)d ) X).  (4.11)
The map from H '*(M,) to H '*(M ) is then

A x((8; + I, w' + wa; + Sa,w')d jx)) {4.12)

which depends on the parameters a,. Consider a 1' frame
JoveH { (M),

by =abx(yid ). (4.13)
Under parallel transport by (4.12) for any a;, the 1' frame
becomes

Aax((Vy — I jwv{ —way{ —awy )dil). (4.14)

For autoparallel transport, w' = Ay} and (4.14) becomes

Xt — A vivy — 2 yind ol ). (4.15)
It is clear that the autoparallel transport of projective 1'
frames (directions) is uniquely defined by the projective
structure because the term (4.15) which depends on a; is
proportional to ¥, and consequently may be removed by a
parameter, G |, transformation.

The above discussion may be readily extended to 2
frames and projective 2' frames (a set of all 2' frames for a
given two-dimensional subspace of the tangent space). Let
Jo feH 3 (M), where f:R*—M such that f(0) = p. Then

Jof=3x(fod15). (4.16)
A projective 2' frame is an equivalence class of 2'-frames
under the action of the group G5 of parameter transforma-
tions. Now, choose any vector which belongs to the subspace
of L | (M) corresponding to a given projective 2' frame, say
w'=A, fi + 4, f%. Next, parallel transport (4.16) along w'
using (4.12). The result is

O x[Ufe — I fulh fT + 4 fh)

— S+ A S fo + 4L+ A fa) SIS ]

(4.17)

Again, the terms which depend on the 2; may be removed by
a G ; parameter transformation; consequently, a projective
structure determines the parallel transport of projective 2'
frames. Also, the autoparallel transport of the initial direc-
tion lies in the subspace determined by the new projective 2
frame; therefore, the procedure may be iterated to define a
parallel field of tangential projective 2 frames along a geode-
sic. This procedure corresponds to the strip-forming con-
struction discussed by Ehlers and Schild.'® It would prob-
ably be useful to reformulate the rest of their results in the
language of jets.

The problem of determining the prolongations of the
projective structure can be solved by the same procedure
used in the affine case; however, the algebra is slightly more
complicated. Consider an extension of the projective »* co-
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frame {4.8),
. : 1. . ; ; ;
a;;/n[a;a’ X+ —27(a;11;k +aja, + aja))d ;xd jx*

| R } :
—+ ;a;F}k,d;x’d;x"d;x’]- (4.18)
Such a frame defines an equivalence class of n* coframes at ¢
near p containing

ARl [(a]‘f +allw + daw + ala,w)d X

1t A . . ,
+ -2—!(a_§ij + aja, +aja; +ail5 wd ixd Ix* | (4.19)
This n” coframe should define the same P2 equivalence class
at g as the n” coframe

1 :
5(2)1,.[0}d X+ E(afyﬂjk +a dl w

Jk.r
+ dja, + daia)d xXdlx"|. (4.20)
The standard representative corresponding to the n* co-
frames given by (4.20} is
i 1 i i f
Al dix + E( e+ I w)d 2xd Lxk).

q

(4.21)

The reduction of (4.19) to standard form is somewhat more
complicated. If the first-order coefficient is reduced to &/, the
second-order coefficient becomes
I + riw' — I w' —wa, ITY

—awlil) —a dl',w —a Il ,w —2wa,a,. (4.22)
The next step is to remove the trace from the expression
(4.22). The resulting expression is equated with the coeffi-
cient of the second-order part of (4.21) allowing for a term
B },‘ , with the same symmetries as in the affine case and also
traceless, B ;,, = 0. The compatibility condition so obtained
is

}k/ _7_1;—1(6}F:k/ +5Ikr:j/
=Bjk, + IIJ".,‘.,/ + I

1
n+1

i r 2 i r i r
+ S/ar[Ijk - m(Sjarn k¢ + Bkarnj/

(ST, + 8T IT)

+a T, +a dl} +a,il

i 2 i i
+ 28,a;a, — m(éja,ak + 6,a,a,). {4.23)

Take the totally symmetric part of this equation. The term

B, drops out and one obtains

_z

3n+1)
1 [ i i { r

Z'S-(”jk,/ +,  + 10, +1T,1T,

i
jke T

8, + 61+ 8,1

+”£k”;j + 1, 11 ;)
—5€§H@H@n3+&ngn;+&nwnu
n—3
2(n + 1)
+ally, +adl) +a,ll}
2(n—1
St

(8a. 11, + 8.a Il + 8.a,ll})

+ (Slava, + S,a,a; + b.a,a,). (4.24)
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The trace of this equation gives
1(n—1) r 1., 2 1

rke — T r ;[I:'
Sty M3 ke, _—_—3(n+1) k4L,
+(n-1)("+3);r11;/
3n+ 1)
2n—1n+2
3 (m+1)

Then (4.24) gives the final result

XQ, (4.25)

i | i i
jke z?(njk,/ + ”k/,j + [I/j,k)

2
3n—1)

1. , ,
UL+ AL 1T

+ 5'/”;A,r)

+

G015, + 81T

/g

—SG%S@H;H>+&HLH

+all}, +a, 1l +a, Il

+8la 0Ty, + 8adl; + 8,all,

+ 28iasa, + 8a,a, + 8,a;a,). (4.26)
Define /T, ,, to be the expression given by (4.26) for a; = 0.
Then, the general n*-coframe belonging to the P structure
may be expressed as the composition of

+ ST LT,

s
r

air\adir + %(a;ak +da)diTdyT

+ —32—‘(a;aka, +dia,a, +daa)dildikd T
(4.27)

and
R dix + %11 Lod3xd xk

1 ) :
+ Gl ), (4.28)

The 3 jet (4.27) is the typical element of the prolonged group
P;.

5. RIEMANN AND LORENTZ STRUCTURES

The local Lorentz gauge invariant vierbein formulation
of Einstein's general relativity theory is well known. It was
first developed by Weyl'® in 1929. Much later in 1950, he
discussed the coupling of the vierbein fields to the spin densi-
ty of matter fields and showed that an equivalent metric the-
ory could be formulated.?® Thereafter, the theory was ana-
lyzed further by Utiyama,?' Sciama?’ and Kibble.”® The
natural setting for this formulation of general relativity is the
theoryofan O |, _, structure on spacetime. In the following
presentation, the bundles and formulas needed will be given
for the case of a Lorentz structure; however, the correspond-
ing bundles and formulas for the case of a Riemann structure
may be obtained simply by substituting the group O, for the
group O}, ,.Both thefirst-order O, , structure and its
prolongation to the second-order 07, , structure are
discussed.

The restriction of the action of G, on H '*(M ) to the
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subgroup O}, _, may be used to construct the bundle of
equivalence classes of O | , _; related n' coframes

l n—1 \%l*(M)

=(01,_ \H"*M)7,,

0l NG, M) D)

An O, _, structure on M is a (global) cross section of
O, _ \F"'*M).Suchacross section may be locally repre-
sented by a family of local cross sections of 7#7'*(M ). Any
two such local cross sections h:U~—H '*(U ) and

h:U—~H '"*(U) are related by alocal O} |, gauge transfor-
mation defined by a cross section A: U-»U X0\,

l\Hl"’yM’

( =dod, [}z pid xJ]
hip)=A (p)°h(p)
=1, [A Pk p)d 7], (5.2)
where
AU PIAL(P) = Tn- {5.3)

For both the Lorentz and Riemann cases, a suitable gauge-
fixing condition is

hi(p)=0;i>]. (54)

For such a choice of gauge, the matrix [4 }(p)] is upper
triangular.

The local cross sections h are usually called n-bein
fields. The Lorentz metric tensor defined by the O}, _,
structure is locally given by

g =n;hihldx" edx’. (5.5)
Since these local metric tensor fields are O |, _, gauge inde-
pendent, they can be patched together to define a global met-
ric tensor field.

Now, consider the problem of prolongingan O |, _,
structuretoan O?, _ | structure. At peM, a general element

of the equivalent class of frames defined by the O | , _ | struc-
ture is

AL, (Ahid ). (5.6)

A general n? coframe having the same first-order part and
belonging to some 02, _ | structure is

ORI (A hid2ix + -—A VT 5dixd 2 xF). (5.7)
Note that factoring out & | in the second-order part is a mere
convenience. If geM is near peM and w' = x/{ q) — x'( p),
then (5.7) defines at ¢ an equivalence class of #' coframes
containing the element

L (AR + A RIS, wd b x), (5.8)

However, the O | , _, structure or Lorentz structure already
determines at ¢ an equivalence class of n' coframes which
contains the standard element [some gauge fixing condition
such as (5.4) is assumed]

AL, ((hi +h},wid ) x). (5.9)
The condition that the O, _, structure is compatible with
the O, _, structure is that the two equivalence classes of

O, _, related n' coframes determined by (5.8) and (5.9) are
the same. In order to make the desired comparison, it is
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necessary to transform the n'coframe to standard form.
Now, the matrix

hi4hilw (5.10)

differs only infinitesimally from standard form. Hence, for
some infinitesimal Lorentz transformation, say

Al=68 + A0

{5.11)
7, A ;/ = iij/ = —j'ji/
the matrix
A (h +hiI W)= h +ht r w’+h}i‘,,w’ {5.12)

is in standard form, If the particular gauge-fixing condition
(5.4} is used, then

hil +hjA,, =0;i>]. {5.13)
Since h | = O unless j>r, Egs. (5.13) contain 4 ,, for i>rand
may be solved successively for 4 (i > j) in terms of 4 ; and
I'},. The values for i </ follow from the skew symmetry of
Ay, in i andj. Although Eq. (5.13) are easy to solve, it is
somewhat tedious to write the solution out explicitly. Fortu-
nately, in this case, it is not necessary to do so; nevertheless,
the expression (5.12) should be regarded as a function of
h;, I'!,, and w’. If this expression is equated with the matrix
of the standard form (5.9), one obtains the condition

hi,=h.[j,+hA. (5.14)
Since I"j, = I'};, the skew part of (5.14) gives

ki, —h,,=hjA,, —hlA,. (5.15)
Define

Ape=mAsh V. (5.16)
The (5.15) may be rewritten as

ﬂi/(h:,x _h:,r)h *Ef‘h —] A’ljk —/{rkj' (5‘17)

Cyclic permutation of the indices and use of the skew sym-
metry {5.11] yields the solution given by De Witt**; namely,
ﬁuk =17, (h :,s —h ;r)h h ]’J'h '
+ ﬂj/(h :,s ~h s/,r)h Y

— bl —h )b i T, (5.18)

This result may then be used in (5.14) to give the usual result
for I'j, which may be written as
w=h "Rl —n"h “r/"t,,,,,h “hl. (5.19)

Although the standard gauge defined by (5.4) was assumed
in order to make the discussion more concrete, the result
(5.18) is gauge-independent provided that the quantities A i
transfrom in the manner appropriate to an O(1,3) gauge con-
nection under a local gauge transformation.

It is useful to discuss an alternate approach to the Lo-

rentz structure of spacetime. Consider the bundle of 12
cospeeds

LINM) = (L3NM), 7,00, M, L2, (M )).(5.20)
If .M—R such that flp) = 0, then /2 feL 3 *(M,,) and

Lf=3831( fdzx‘+—fud§ 'd}x). (5.21)
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If only those functions f are considered which are singular
but Morse with signature 2 — n at p, then a subbundle
LM of £} *(M) is obtained consisting of elements of
the form

= 3(2)1( g;dlx'd’x )

where the matrix (g;) assumes in some coordinate system the
standard Minkowski form. Clearly, a Lorentz structure may
also be defined on M by a global cross section of the .% (M)
as is evident from a comparison of (5.5) and (5.22).

The principal bundle associated with & (M) is
7¢'*(M ) rather than 7#*(M }; consequently, if (5.22) is par-
allel transported using (3.23), only the first-order part will
have any effect. The element (5.22) is mapped into

(5.22)

1 o
AI [2—( g +8, [ w +g,I,wdx'd jx’] (5.23)
If the Lorentz structure defined by the cross section of
f 1*(M) is horizontal under the connection induced by the
second-order structure, the element (5.23} must equal the
element

1 o

I [3( g; +&;,w)dix'd ;xf]. (5.24)
Hence

ik =&l jx + 8, ik (5.25)

This relation may also be derived using (5.5) and (5.14). The
well-known solution is

Iy =588k + 8, — 8irh
where g is the inverse of g,;.

The compatibility conditions (5.14) and {5.25) are not
the most general possible. Just as in the affine and projective
cases, allowance should be made for a possible term B j'.',( with

(5.26)

B}, = — B};. Thus (5.14) becomes

hi,+h B, =h,I';,+hiA,, (5.27)
and (5.25) becomes

8yx + 8B +8,;Bhu =8I +8,T k. (5.28)

This equation leads to the formula given by Schrodinger.”

F}k =188k + & — 8irr)
+ gjsgi'B  +8.8"B s (5.29)
Finally, since the affine connection induced by the
01, _, structure is completely defined, further prolonga-
tions are determined by the formulas that apply in the affine
case. Also under infinitesimal parallel transport, the connec-
tion induces infinitesimal O | , _, transformations.

6. THE CONFORMAL STRUCTURE

The analysis of a first-order conformalor C } ,, _ , struc-
ture on M and of its prolongation to a second-order confor-
malorC}, | structureon M issimilar to the corresponding
analysis of the Lorentz structure. The further prolongation
ofthe C%, _ | structuretoa C3, _, structure may be de-
rived by an analysis entirely analogous to that given for the
corresponding prolongation in the affine and projective
cases; however, the algebra required is rather tedious al-
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though in principle straight forward. Thus, the explicit solu-
tion for the C}, | structure will not be given although the
problem will be set up and a solution shown to exist.

A first-order conformal or C|, | structure on M is a
reduction of the structure group G ! of the bundle of ' co-
frames #”'*(M ) to the subgroup C}, ,; thatis,aC}, _,
structure is defined by a cross section of the bundle of equiv-
alence classes of C |, , related n' coframes

Cla \F'*M)
= <C:,n41\Hl*(M)’7TC!_,, (NH s M,
C}.n~l\Gpln<%Ol*(M)>. (61)

Such a cross section is locally represented by a family of local
cross sections of #'*(M ). Any two local cross sections
h:U—H '"*(U)andh:U—H "*(U)arerelatedbyalocal C !
gauge transformation defined by a cross section

Ln—1

c:U-U XC},_,.Thus
h(p) =8\, (hipMd \¥), |
R (p) = c(p)oh(p) = 5L, (c;( p)h j( p)d ,x), (6.2)
where
ci(p)=e*'PAj(p),
(6.3)

A PAL(PY =N

As for the Riemann and Lorentz cases, many gauge-fixing
conditions are possible. One possible choice is
h)=0;i>]
(6.4)
hy=1.
The metric tensor fields g and g defined by 4 and 4 by
(5.5) are related by

8(p) = e'7g(p). (6.5)
To prolongthe C |, _, structuretoa C}, _, structure
consider a general n” coframe belonging toa C |, _, equiv-

alence class of n” coframes and having a first-order part be-
longing to the C |, | structure; namely

BiL,(cihd? x’+—c Ph L5 d 2x'd 2x¥). (6.6)

This n*-coframe at p defines a n' coframe at a neighboring
point g; namely,

Sl (lc;h] + e h [ Tjw)d %), (6.7)
where w’ = x(g) — x {( p). However, the C |, | structure

already determines at g an equivalence class of n' coframes
at g determined by the standard n'-coframe

ol ((h] + hj wd  x). (6.8)
For compatibility, the equivalence classes of n' coframes de-
fined by (6.7) and (6.8) must be the same. To reduce the n'
coframe to standard form, one must determine the infinites-
imal conformal transformation

¢ =58+ A w8 + A,

Ny =RAije= — Ajies (6.9)
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such that the matrix
cihf+hiTjw)=h)+h.Tjw +hjA,w +A,w's;

(6.10)
satisfies the conditions (6.4); that is,
hil,, +hiAL, =0i>]
h°rg, +4,=0. (6.11)

Note that 1 ;4% =0since i =Ounless7=0and 4, is
skew in 7 and j. The discussion given for the Lorentz case
applies equally to Eqgs. (6.11). The solutions for 1}, and 4,
are substituted into (6.10} which is then in standard form.
Equating the matrix of (6.8) with the matrix (6.10) gives the
compatibility condition

hi,=h.[;, +hjA, +Ah;. (6.12)
As for the Lorentz case, the possibility of a torsion term is for
simplicity not considered.

The algebraic difficulties are considerably reduced if
the problem is reformulated in terms of metric tensor fields.
For this purpose, it is necessary to introduce the bundles
G\.Z2*(M)and G2\ .Z2*M ) of equivalence classes of
elements of .£2*(M ) and ¥ *(M ) under the action of the
parameter group G ;. If u:R—R is a diffeomorphism with
1(0) =0, then j3ueG 7 and

1

Jon =85 I(l-‘ld(2)1+;ﬂz(d(2) Iy),

where 1, and 2, are the first and second derivatives of u at
OcR. Also, if /3 feL } *(M,) is given by (5.21) and f = uof, the
action of G is given by

(6.13)

Iy f=Jisuoif. (6.14)
In component form, this action is given by

j_:; = /J, 1 f;',

f;_'i =ﬂlf:'j +#2ﬂf}- {6.15)

For elements of the subbundle .’ 2%(M ) given by (5.22), this
action simplifies to

8 = M1 8- (6.16)
A C}, _, structure on M may also be defined by a (glo-
bal) cross section of G 2\ .#2*(M ) which may be represent-
ed by local cross sections of .72 *(M ), any two of which are
related by a gauge transformation (6.16). Numerous gauge-

fixing conditions are possible. A simple choice [which is not
consistent with (6.4)] is

& =1 (6-17)

Again, under the parallel transport induced by the pro-
longed structure, the standard representative (5.22) is trans-
formed into (5.23). For some infinitesimal gauge transforma-
tion (1, = 24,w’) the element (5.23) is transformed into
standard form

8y +grjr:/w/+gl'rr;/w/+ ngj/lxw/- (6.18)
If the gauge-fixing condition (6.17) is used, then
A, = —8o L0 (6.19)

Define the conformal connection coefficients K j;, by
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i i 1 o i ir
'y =Kj + 'n_(‘sjrk + 61, —gy8'T,), (6.20)

K::k =0, I,= 1k
Substitute (6.20) into (6.18). The terms involving I, cancel.
Thus the matrix of the standard metric representative at g is
g, +8,K o'+ girKjr/w/ - 2gijg0rK6/w/’ (6.21)
which must equal the matrix of the standard element (5.24);
consequently,

ik = gij .r'k +gerf'k — 28,80, K - (6.22)
Then
gijgu,k = — 2ng, Ko, (6.23)
and
r r 1 rs
8Ky +g,Ky = 8ijk — ';'gijg 8rs.ic- (6.24)

This equation may be solved to give
Ki =1g"g,r + 8rk,j — &jk.r)
l i 7S { rs it . rs
- El—(‘sj 4 grs,k + 5/( &g grs’j —gjk g‘g grs,t)‘
(6.25)

Although a particular gauge was used for the computation,
the result (6.25) is in fact gauge independent. Note that the
trace I', of I, is completely undetermined. If these results
are now substituted into (6.6), it is readily shown that the
typical n” coframe belonging to the prolonged structure may
be expressed as the composition of

U N . A .
&I, [c}d?,l’,, + E(c}ck + cie; — njkn"c,)dﬁlf,,df,lﬁ]

(6.26)
and

B1,(hjd 26 + - K d 2 ), (6.27)
where

ry=ch;. (6.28)

The 2 jet (6.26) is a general element of the prolonged group
C1,._ . The general n* coframe belonging to the C3, |
structure is

RLafd 13+ LaliK  + 50, + 61,

—gug"a ) jxd x ] (6.29)

where
[N i A 4
a; =ch;

a.=chj. {6.30)

The prolongation of the C§, _, structuretoa C3, ,
structure follows the same pattern. Consider the most gener-
al n’ coframe which projects to the #* coframe {6.29).

e, [a}d;x/ + > alK}, + &a,

+ 8ra; — gug7a,)d Jxd Jx*

+lairs divdixtd ;x’].

3 (6.31)
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The n’-coframe at g determined by (6.31) by the substitution
process is

&K1, [al(8] + K fw' + 8a,uf

+ w'a; — g'a, g wid L X'

+ —21—!aL(K b+ 8, + 8ia,

— 88", + I j,wd 2x'd 2x* ). (6.32)
The next task is to bring the first-order part of (6.32) to a
form satisfying the standard gauge conditions (6.4). The
problem is essentially the same as that discussed above fol-
lowing (6.9) in connection with the prolongation from a
C\,._, structuretoa C3, | structure; that is, the form of
the linear equations for the parameters of the infinitessimal
C},_ transformation is the same. However, the number of
terms involved is even greater than it was before. Moreover,
it does not seem possible to artfully dodge the problem as
before because it is necessary to know the additional terms
that will appear in the second-order part of (6.32) when the
first-order part is brought to standard form. Once the first-
order part is in standard form, it is easy to bring the second-
order part to standard form by applying (6.26) with
¢; = &/and ¢; chosen so that the coefficient of 4 ¢ in the sec-
ond-order term will have zero trace.

The standard n” coframe at g obtained by the above
procedure must agree with the appropriate #> coframe at ¢
determined by the C?, | structure. The n* coframe corre-
sponding to (6.27) evaluated at g is

AL (k! +hiw)dix
1 i r r S
-+ —ZTh r(Kjk + Kﬂmw

+h "Ry K w)dixd X" {6.33)
However, the coefficient of 4% = A }(p) in (6.33) does not
have zero trace. This trace must be removed before the com-
parison with the standard form of (6.32) described above is
made.

The first-order terms must necessarily agree because
the K ;, were defined by that condition at the previous stage.
The demand that the second-order terms agree up to a term
of the form & | B, w’, where B, is traceless and has the
same symmetries as in the affine and projective cases, gives
an equation for the I j,, which may be solved in a manner
similar to that used in the projective case. The solution gives
T}, intermsof 4}, K}, and a;. The general n* coframe be-
longing to the C{, , structure may be obtained by substi-
tuting this solution into (6.31) which may in turn be factored
intoa C}, | gauge group element and the standard n° co-
frame for the C}, | structure.

7. THE WEYL STRUCTURE

A Weyl structure on M is a reduction of the structure
group G of F#*(M ) to the Weyl subgroup Wi, _, (see
Appendix C). Since W3, _, isaLiesubgroupof C3, _, the
reduction may be accomplished by first defininga C} , _,
structure and prolonging this structuretoa C1, _, struc-
ture and then reducing this structuretoa Wi, _, structure.
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The general element of an equivalence class belonging to a
C?,._, structure is given by (6.6) together with (6.20) and
{6.25). The result is

Bﬁln[cih a2t %cih K
1 ' .
+ —n—(ﬁjf‘k + 5il’l —-gjkg“r,)d;x’dzxk , (7.1)

where I, = ¢, h ;. Clearly, thereductionto W3, _ | isdeter-
mined locally by specifying the I', (or ¢, ) as functions of
peUCM. The connection determined by the I}, given by
(6.20) is then fully specified; consequently, the formulas for
the higher-order prolongations of an affine structure may be
used to determine the higher-order prolongations of a Weyl
structure. The Weyl connection induces infinitesimal con-
formal transformations under infinitesimal parallel
transport.

8. THE CONFORMAL-PROJECTIVE COMPATIBILITY
CONDITION

In this section, the algebraic condition that expresses
the compatibility between a conformal or C{, _, structure
and a projective or P2 structure is derived using the analysis
of Secs. 4 and 6. The result was originally derived by Ehlers,
et al.', from constructive axioms for general relativity the-
ory. The derivation given here is not a replacement for their
argument, but is rather a supplement which clarifies the geo-
metric interpretation of the condition as the necessary and
sufficient condition thata C'},, _ | structure and a P2 struc-
ture are compatible and uniquely define a Weyl or W1, |
structure.®®

A general element belonging to an equivalence class of
P2 related n* coframes defined by a projective structure is
given by (4.8)

a1, [a;d o %ai(n;k + 8l ) + 5;a,]d edie . (8.1)

A general element belonging 1o an equivalence class of
C?,_, related n* coframes is given by (7.1)

A, [cgh;djxf + %c",h K
1 ' .
+—8 T + 8. — gy 8°T,))d2xd 1 x* ] (8.2)
n

The two structures are compatible iff the equivalent classes
defined by (8.1) and (8.2) have a nonempty intersection. Con-
sideration of the first-order parts shows that a projective co-
frame is a conformal coframe only if

ai=ch’. (8.3)

Comparison of the second-order parts then yields the
relation
I, + 6a, + 6,q,
1
{

=K + 76}1’,( + 8.1, —gu8"T,). (8.4)

Define
Aj'fk=Hj‘fk—Kl‘fk. (8.5)
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Then take the trace of (8.4) to obtain

(n+ la, =T. (8.6)
Then
i 1 i i 1 ir
Ajk =—nTn_—+_1)(5jrk +5krj) —;gjk g, (8.7)
and
grsA 1;( - _ (n - 1)(” + 2) ir ; (88)
) n(n + 1)
or
nn+1)
rn=-—————"'—p¢g,.g"4a'‘. 8.9
K (n—l)(n+2)gkg (8.9)

Substitution of (8.9) into (8.7) yields a system of linear equa-
tions for 4 §, which are satisfied iff the projective and confor-
mal structures are compatible; moreover, if they are com-
patible, I', given by (8.9)and hence I j, are well defined and
the conformal and projective structures define a unique
Weyl structure.

APPENDIX A: OF GERMS AND JETS

Let M and Nbe C = differentiable manifolds. Denote by
C =(M,N ) the set of C * differentiable maps fM—N. Any
two maps f|, /,€C *(M,N ) are said to be germ equivalent at
peM iff there exists an open neighborhood U of p on which £,
and f, agree. The germ j,fof a map feC =(M,N ) is the equiv-
alence class to which f'belongs. The set of such equivalence
classes will be denoted by J (M, ,N ). In certain applications,
maps defined only on some open submanifold U of M are
considered. The set of germs of such maps is then denoted by
J(U,,N). The mapj,:C “(M,N )—J (M,,N ) is the canonical
projection.

Anytwomapsf;, f,€C *(M,N ) aresaid to be k-jet equiv-
alent iff they agree at p

AHlp)=£p) =9 (A1)

and for any charts (U,x), and (¥ ,y), where peU and g€V, the
maps y© f;°x ' and yo f,ox " have the same partial deriva-
tives of all types at x(p) up to and including order k. That this
equivalence relation is independent of the choice of coordi-
nate charts follows by applying the chain rule to the relation
yofox ! = (yoy~ o yo fox olxox ). (A2)
The k jet j;,‘ S ofamap feC =(M,N)is the equivalence class to
which fbelongs. The set of & jets with source peM and target
geN is denoted by J “(M,,,N, ), and the corresponding sets
with unrestricted source, target, or both are denoted by
J¥M,N,), J*(M,,N), and J*(M,N ), respectively. Again,
for some applications it may be convenient to consider the
set of maps C *(U, V') where U and V are open submanifolds
of M and N. Then the corresponding sets of k jets are denoted
by J*(U,,V,) and so forth. The map
Jp:C *(M,N)—~J*(M,,N) is the canonical projection. Since
JafDjif one may also use j& to denote the projection
Js:J(M,,N)— J*(M,,N)and write
U N=js f (A3)
If M, L and N are C * manifolds, then the composition
map ©:C *(L,N )X C*(M,L)—C *(M,N ) defined by
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g ° f(p) = g(f( p)) induces a number of compositions be-
tween germs and jets; namely,

jp( g°f) =jf(p) gojp f

o\ &%) =Jfin 8%, f

=Jn &% f
= /(8% [ (A4)
An algebraic structure on the manifold N will in general
induce an algebraic structureonJ (M,,,N )and J M .V ); for

example, these sets inherit algebra structures if N is R. De-
fine Vj% £, j& £, Jk /o€ ¥ (M, R) and V4 ,,4,€R

/llj,l:f] + /izj,lffz =J.§(’11f1 + 4, 5)

In fidy fr =0y [ o) (A5)
where the functions 4, f; + 4, /; and f, f; are defined by
pointwise scalar multiplication, addition, and multiplica-
tion. The definitions of the algebra operations for J (M, ,R)
are similar. Also, if N is a vector space, then so are J (M, , V)
and J*(M, N ), and if N is finite dimensional, then so is
JHM,.N).

Any element ji feJ*(M,,N,) may be invariantly repre-
sented with respect to any coordinate charts (U,x), and
(V.y), - Denote by x(p) the constant map on U which maps
every point of U into x(p), and set x, = x — x( p). Similarly,
define the map y, =y — y(g). Then

Jof =Jg(yq o y,0 fox, tox,)

-1

=jo ¥y "y Fox,), (A6)
where F = y_ofox, . Note that F (0) = 0. Since Fox, may be
expanded in powers of the functions x;, on U and since j;‘,’
projects products of the functions x,, with more than k fac-

tors onto the zero equivalence class, the k& jet (A6) may be
expanded in the form
Js f=Jo vy "\ F, Jpx;
1 koq RN
et o F i I %y) (A7)
where the coefficients F; ; are the partial derivatives of the
function F at 0. The transformation law for these coefficients
may readily be determined with the aid of the formulas
Jp%p =Jpl%, o_;p_ lo_’;p) =ngp°jz_;p’ _
Jeve "=iys ooy, Y =is vy o Yo (A8)
where X, = x,-x, 'and ¥, =y, op '
Both simplicity and flexibility are greatly enhanced by
the following notational convention. Define

dix=jyx,,
hx =jox, " (A9)
Then
d jxodyx =jol,,
dkxod sx = jil,. (A10)
The expansion (A7) may be written
Iy f = OpF, dsx"
1 L i
+ o+ — dkx"...d’[;xk). (Al1)

k i % p

For a change of variables (A8), the following formulas are
useful.
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djxodsx =ji X,

dyxodsx =ji X,. (A12)

For mappings from or into R *, the standard chart
(R",1,) is used. Thus for a curve y:R—M such that ¥(0) = p,

, 1 )
](’;7 = 3§x(}/ld’(§1 + Eyz(d‘él)z
1 y
ot ST (A13)

where

[24

Y, = 7 ~(x,,07) . a=12,.k.
Note that the argument of 6§x in{A13)isanelement of R”; so
that each y,, is an n-tuple. A similar remark applies to the
argument of dsy in (A11).

Finally, note that 81’jx and d ;fx denote £ jets at a given

point, and that 3 “x and d “x denote k jet fields.
APPENDIX B: NOTATION FOR JET BUNDLES

It is useful to have special notations for particular sets of
jets and for particular jet bundle structures. A principal bun-
dle structure will be denoted by

P M)=(PM)7:,MG), (B1)
where P (M) is the total space, 7, is the projection map, M is
the base space, and G is the structure group of the bundle. A

bundie structure associated with a given principal bundle
structure will be denoted by

(A14)

EM)=(EM), 7., M.F,7(M)), (B2)
where E (M) is the total space and F is the typical fiber.
Set
L. =J*(RyR),
A% =T (RY,R") (B3)
=R"'eL%

m.n

Note that 4 %, , may be regarded as the nth power of the
algebrad % . Denote by G, the subset of L% , consisting
of jets of maximal rank. For the case m = n,set GX =G}, .
The elements of G are jets of local diffeomorphisms and
form a Lie group under jet composition. The group G | is
customarily denoted by GL{#n).

Let M be an n-dimensional C * manifold and let peM.

Set
L} (M,)=J"RgM,),
L *M,) =T M, .RY), (B4)
A f;,(Mp) = J"'(MP,R“‘).

The submanifolds of L & (M), the m * speeds, and L 5, *(M, ),
the m* cospeeds, which consist of jets of maximal rank are
the m * frames, H ¥ (M), and the m * coframes, H }, *(M,)).
Normally, m<n, and for m = n, one writes simplyH “(M,,)
and H **(M,,) for the sets of n* frames and n * coframes,
respectively.

The sets obtained by taking the union of the above sets
for all peM are denoted by L % (M), A ¥ (M), H* (M ), and so
forth. For an open subset U C M, the sets obtained by taking
the union only for peU, the portions over U, are denoted by
L:(U), A% (U), H% (U), and so forth. For a given coordi-
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nate chart (U,x), for M, the locally trivializing maps may be
used to give the sets L X (M), A% (M), H* (M), and so forth
their usual topological and differentiable structures; for ex-
ample, for L {(M ), the map ¢,,:L §(U)—L ¥, is defined by

Yulior) =dsxojsy, (BS)
where j§y is given by (A13) and
, 1 ok
dyxojoy =L, (v d§1 + ... +F7/k(dél)k)‘ (B6)

Then 7, . X¢py:L {(U)—U X L7, is bijective and may be
used together with all other such maps corresponding to the
charts of an altas for M to pull back the topological and
differentiable structures of the spaces U XL} .

The principal bundle structure for n “ frames is denoted
by

FEM)=(H"M)m,, M G*), (B7)
with a similar notation for the principal bundle of n * co-
frames 5% “*(M ). There are many associated bundle struc-
tures that could be written down; for example,

LMY= (LEM ), ML, FNM).  (BY)

There is a natural isomorphism between .7’} (M ) and
the tangent bundle .7 (M ) and between .%"'(M ) and the prin-
cipal bundle of linear frames .%’(M ).

APPENDIX C: NOTATION FOR GROUPS

Let a:R"—R" be a diffeomorphism such that a (0) = 0.
The group G * is the set of & jets jja together with the group
product defined by k-jet composition

Joc =Jjsacjsh. (Cl)
For the case k = 3, an element of G may be written

. : 1 . : :
joa =R1,(@d I’ + S audi il

+ s di i) ()
and the product (C1) is given explicitly by the formulas
¢, =a,b’,
C}k = a‘;_\_bj'b X+ aib;k"
Ciry = o bbb, +a,(bjb)
+b4b)+bybi) +albl,. (C3)

The subgroup of G £ which consists of elements of the
form

(9’51,,(a}d§1{,) (C4)
will be called the affine group (of order & ) and will be denoted
by I'%. Let 7,; be the flat metric tensor with signature
s =p—gq, where n = p + ¢. Then O % is the subgroup of
I * consisiting of those elements (C4) of I" % for which

77,]"12 &, = UI%Z (C3)
The orthogonal subgroup % of "% is the group '}, for
p = nandg = 0. The Lorentz subgroup is O % ,_ 1. The Weyl
subgroup W of I'; consists of those elements (C4) of I” .
which have the form
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al = e, (Cé)

where beR and b satisfies (CS).
Let (£ *)eR” * ' and consider the invertible linear
transformations

Eo=Age” (C7)
Set

(C8)

The transformations {C7) induce the projective
transformations

. d+ax
X' =, (C9)
l—akxk
where
4 ATl j
a=""*1 4= _ ——, g =—2"—(CIO)
AT 457 AnT

The projective transformations which preserve the origin
{x' =0) have the form

PR cli
N 1 - akxk ' ( )
The subgroup P% of G ¥ consists of the group of & jets of
transformations of the form (C11). In particular, an element
of P2 has the form

; j 1, i j
a1, (adil, +-2—!(ajak +aja)d I d3I%) (C12)
In a slightly more complicated but similar manner, the
conformal group in R” may be obtained by projecting inver-
tible linear transformations from a higher dimensional
space. This group consists of transformations of the form

i q,,i o
. a;x’ — n° 4,4, j XX

= ) C13
1 — a[xl+ ‘%nrsarasnlm xIxm ( )

where the a; are given by (C6). The subgroup C s, of GX
consists of k jets of transformations of the form (C13). In
particular, an element of C2_ has the form

T S ,
331, (ad il +E(aj‘.a,( + a,a;

— 7"a,a,1,)d 31, d 3T Y). (C14)

The following isomorphisms obtain among the groups
introduced above:

G:,EP,’IEF,I,EF:y C,‘,,qEW,;,ng:q’
O,l,'qg():,q,

Cl=Ct,, k2

Pl=pr, k>2. (C15)
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In spite of these isomorphisms, it is useful to preserve the
distinctions because they permit precise and ready reference
to a G structure of a given order in the theory of prolonga-
tions of G structures.
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