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The analysis of path structures is formulated in terms of jet bundles with particular emphasis on
the transformation laws and symmetry properties of geodesic path structures. The role played by
geodesic path structures in the constructive axioms of Ehlers, Pirani, and Schild for GRT is
discussed and it is shown that these axioms are decidable.

1. INTRODUCTION

Ehlers, Pirani, and Schild' (EPS) proposed a set of con-
structive axioms for general relativity theory based on the
local behavior of arbitrary massive particles, freely falling
massive particles, and light propagation. The analysis of the
aspect of spacetime structure revealed by the paths followed
by freely falling massive particles leads to the study of path
structures on manifolds. Ehlers and Kohler? have presented
an analysis of path structures and their symmetries using the
standard formalism of the first and second order tangent
bundles, 7 (M )and T (T (M )), of the spacetime manifold M.
However, the simplest and most natural description of struc-
tures of higher order contact is in terms of the jets and jet
bundles of Ehresmann.?

In the present paper, the analysis of curve and path
structures is developed using jets. A great simplification,
both conceptual and technical, results. Conceptually, the
elements of the second order jet bundle J *(R,, M) have a
direct interpretation as second degree Taylor approxima-
tions to curves through a given point of M. The derivation of
the coordinate, parameter, and active transformation laws is
a straightforward exercise in the application of the chain
law. In contrast, the elements of 7 (7 (M )) which in jet lan-
guage is J '(Ry,J '(R,, M)), are more complicated. The de-
sired elements of the sub-bundle J *(R,, M) of J (R, ,J '(R,,

M)), must in the standard approach be selected by imposing
the spray condition on the elements of J (R, ,J '(R,, M)). Of
course, the interpretation of the elements of the subbundle
and the discussion of their coordinate, parameter, and active
transformation laws is considerably obscured by the use of
this indirect approach. The definition and analysis of sprays,
called acceleration fields in this paper, are also much simpli-
fied by using jets. Moreover, the relationship between these
fields and second order differential equations becomes trans-
parent. Finally, the discussion of the corresponding struc-
tures for paths is very difficult if the standard approach is
used. The discussion in terms of jets is easy in comparison. In
the case of geodesic acceleration fields and the projective
analog, geodesic directing fields, the description in terms of
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jetsis so much simpler that such fields are readily obtained as
cross sections of appropriate fiber bundles. The bundle of
geodesicdirectingfields, ¥ = (M), (4.22), providesanelegant
coordinate free formulation* of the second projective axiom
of EPS; namely, the directing field which governs the motion
of freely falling particles is a cross section of ¥ .= (M).

The definitions and notations for jets and jet bundles are
established in Sec. 2. In Sec. 3, curve structures, acceleration
fields, and the one to one relationship between them are dis-
cussed. Also, geodesic acceleration fields are defined and it is
shown how these may be obtained as cross sections of a fiber
bundle. The analogous discussion for path structures and
directing fields is presented in Sec. 4.

The definitions of active transformations and symme-
tries of curve and path structures are given in Sec. 5. The
discussion is presented for the three customary levels of anal-
ysis, global, local, and micro (infinitesimal neighborhood of
a point p of M'). The formulas for the microtransformations
and microsymmetry conditions are particularly relevant for
this paper and are presented in detail. These results are then
used in Sec. 6 to prove some theorems concerning geodesic
curve and path structures and their microsymmetry groups.
Theorem 4 states that a curve structure is geodesic if and
only if its microsymmetry group is isomorphic to GL'(n) .
The maximal microsymmetry group of a geodesic path
structure is derived in Theorem 5. In comparison with the
standard treatment of this projective group, the jet bundle
language offers a marked improvement in conceptual clar-
ity. Theorems 6 and 7 correspond to Theorems 2 and 3 of
Ehlers and Kohler.? The first of these theorems states that a
path structure which admits a microsymmetry transforma-
tion at every point whose first order part is a dilatation other
than the identity is geodesic. The proof given by Ehlers and
Kohler is reproduced for completeness. The second theorem
states that a path structure which is maximally isotropic to
first order in the sense that it admits, at every point of the
manifold, a microsymmetry group whose first order part
acts transitively on the space of one-directions D', (M ) is geo-
desic and conversely. Ehlers and Kéhler present the proof of
this theorem only for analytic path structures and for mani-
fold dimension n = 2. The proof presented below does not
require analyticity (only C®), and the organization of the
proof is sufficiently improved so that it can be written down
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in reasonably concise form for the case of arbitrary manifold
dimension 7. _

The geodesic method of EPS has recently been criti-
cized.”® It has been argued that the geodesic method is beset
with logical and derivatively with epistemological circular-
ity. Specifically, criteria that determine which bodies are
suitable as freely falling test bodies and permit their identifi-
cation presuppose metrical considerations, thereby leading
to circularity. A particle which has a gravitational multipole
structure will not in general travel along a timelike geodesic
even if no forces act on it. Without already knowing the
spacetime structure, how are we to know which particles are
gravitational monopoles and which are not?

In Sec. 7, these criticisms are briefly analyzed. It is
shown that they rest on a serious misunderstanding of the
nature of inertial laws and the geodesic method.

Morever, using radar coordinates and the concept of a
directing field, it is shown that the criticisms are without any
substance; that is, it is shown that the truth of the projective
axioms concerning free fall motion is epistemically decidable
in a noncircular way.

2. JETS AND JET BUNDLES

Let M and N be C * differentiable manifolds of dimen-
sions m and n, respectively. Let (U,x) , and (V,y), be charts
for neighborhoods peM and geN. The k-jet j%(f)of a C*
map f:M — N with source peM and target g = f(p)eN is
the equivalence class of such maps which agree at the point
peM and for which the derivatives of the maps yo fox —!
agree at x( p) up to and including order k. That the equiv-
alence is not dependent on the choice of coordinate charts
follows from the chain rule. The set of such k- jets is denoted
byJ XM »¥,) . If the source, target or both are unrestricted,
the sets of k- jets are denoted by J “(M,N,) ,J “(M , , N),and
J*(M,N ),respectively. These four sets of k- jets are differen-
tiable manifolds, and the coefficients of the & th order Taylor
expansion of y° fox ~ ! may be used as local coordinates of
the k- jet j*(f) . Moreover, the source and target maps o:
J¥M,N)— M and 7:J “(M,N') — N defined by

o/, (= p

2.1

(A = F(p)
are differentiable.

If m = n, denote by D(M ,,N,) the set of diffeomor-
phisms f:M — N such that f(p) =g¢,andby J*D (M, ,
N,)theset of k- jets j% (f) . The Lie group GL* (n)is defined
to be the set of k- jets J“D(R § ,R ) with the group product
defined by k- jet composition

Jo(f1)°s(f2) = a(f1of2)- 2.2)

This group acts on J (R, ,R2) , the set of k- jets of
curves through 0eR", according to

Jo(f)°js¥) = js(for),
where 7:R — R" and #(0) = 0.

A local grid for peM is a diffeomorphism ¢:R”
— ¢, (R CMsuchthat (0) = p. A k-gridisak- jet j5(&)
of a grid. Let Z *(M ) denote the set of k-grids for all peM.

(2.3)

1341 J. Math. Phys,, Vol. 21, No. 6, June 1980

Z (M) is the total space of a principal fiber bundle (PFB)

ZHM) = (Z*M)72,MGL () ), 24
where the differentiable projection map 7,,:Z “(M) — M is
defined by

T2 (756)) =£(0). 2.5)

In view of the action (2.3) of GL*(n) on J *(R,, ,R?), one
may construct the associated fiber bundle (AFB)® of k-arcs
on M,

&/k(M) = (Jk(RO’M)aﬂ'k ,M,Jk(RO,]R(')'),QPk(M) > ’ (26)
with typical fiber J “(R,,Rj) . As the notation indicates, the
elements of the total space J “(R,,M ) may be more directly
obtained as the k- jets of curves y:R — M in M. The projec-
tion map 7, .J “(R,,M ) — M is defined by

7 (Js(®) = 10). @7
There is a sequence of natural, differentiable projection
maps 7 :J ¥Ry, M) — J'(Ry, M) for 1</ < k defined by

m s = /@) . (2.8)

In many cases of physical interest, the parameter of a
curve is either arbitrary or not specified in advance; for ex-
ample, in general relativity the world line of a freely falling
test particle is determined by a point on it and its direction (a
nonzero multiple of its tangent vector) at that point. Since
the tangent vectors of physical particles are everywhere non-
zero, curves such as ¥:R — R? with

()= (%t 29
need not be considered in the definition of a path (‘“param-
eter free curve”) for the purposes of this paper.

A parameter transformation is an element of D (R,R).
The k-jets j& (u)eJ “D(R,,R,) for ueD(R,,R,) form a group
P* where the group product is k-jet composition.

Define an equivalence relation in the set of curves with
nowhere vanishing tangent vectors by # ~ v iff JueD(R,,
R,), 7 = you. Then a path is an equivalence class of such
curves.

There is an action of the group P* onJ *(R,,R3) and on
J*(R,, M) which will be denoted by R, in both cases. It is
given by

R (s, o@) = jo(nejsw) . (2.10)

This right action is compatible with the structure of the
bundle &*(M); that is, R, © j*(f) = j*(f)°R, for
f:M — M and 7, °R, = 7, and 7, °R, = R,°r . Denote
by D* and D*(M ) the sets of equivalence classes of elements
of J¥(R,y,R}) and J *(R,, M) defined by R, . These equiv-
alence classes will be called k-directions (or simply direc-
tions for k = 1). Note that 2-directions are called special
directions in Ehlers and Kohler.?

For k > 1, the manifold of k-directions D*(M ) is the to-
tal space of an AFB with typical fiber D* and PFB Z (M)

D*M)= (D*M),m . MD"Z*M)). @.11)

For k = 1, the structure group of the bundle is PG(n),
the projective group in n dimensions. PG(n) is the factor
group of GL(n) with respect to the invariant subgroup of
elements of the form (16 ;) with 4540 called dilatations. The
appropriate PFB is the bundle of projective 1-grids.

R.A. Coleman and H. Korte 1341



PI(M)= (PZ'(M)7z,,MPG(n)), (2.12)

where the elements of the fiber PZ (M) at peM are equiv-
alence classes of 1-grids in Z , (M) related by a dilatation.
The AFB of 1-directions is then

D'M)=(D'M),7, MD" P Z'M)). (2.13)

The above considerations do not require C * manifolds.
A differentiability class C” for some finite » would be suffi-
cient. In the following, it is assumed that mappings are suffi-
ciently differentiable that any derivative maps which occur
are at least C* . It is also assumed that the base manifold M
has dimension n>2.

3. CURVE STRUCTURES

Following Ehlers and Kohler,? we restrict the concept
ofacurvein M, y:I — M, where I is an open interval of R by
requiring: For every s, ,5,€l such that ¥(s,) = ¢(s,) and
#(s,) = ¥(s,) , there exist open intervals I, 35, and I, 3s, and
a smooth invertible map u:I, — I, such that u(s, )Is, and
7"11 =(rowll, .

A curve which retraces itself periodically such as
yR—>R?

¥(s) = (cos s, sin 5)

G3.1)

is not excluded, nor is a curve which touches itself or retraces
a portion of its track in the opposite sense [(s,)
= — (s,)] - However, a curve which touches itself or re-
traces part of its track in the same sense [y(s;) = 7(s,)] is
excluded for the condition is not satisfied at the point (s)
where the curve bifurcates. For such a curve, at the point of
bifurcation, information of higher order [say # (s)] would be
required to determine which branch to follow; consequently,
the curve could not satisfy everywhere a differential equa-
tion of second order. Note that the condition excludes bifur-
cation for both increasing and decreasing values of the
parameter.

One may also consider curves y':/ — J '(R,, M) and ¥*
I — JX(R,, M) given in terms of local coordinates by

7'6) = (¥'6)i')

3.2
7’6 = (©).116).26) -
For those special curves for which
i) =76,
Y1) = 7)), (3.3)

IASEEAOF
the 7' and 7 are called the first and second lifts of the curves
7, °7 R — M and 7, °y>:R — M, respectively. If y = m,
oy': and ¥ = 7, %, then one writes

i»=v,

F»=7r. (34
The relations (3.3) do not hold in general since the coordi-
nates ¥, ,75 are defined as derivatives only at a point.

Definition: A curve structure (CS) €, on M is a set of
curves in M such that for every element y'eJ '(R,,M ), there
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exists exactly one maximal curve ye% such thatj'(y) passes
through y'.

Definition: An acceleration field on M is a map
AT Ry, M) — J¥R,, M) such that 7104 = id.

Lemma: Every curve structure on M defines a unique
acceleration field on M and conversely.

Given a curve structure % and y'e J '(Ry,M), let ye%
be the unique curve such that ;'(¥) passes through '. Then
define

AW =i, (3.5)
where sef is uniquely defined by j(¥)(s) = ¥'. Because of the
restriction on curves in M stated above, j'(¥) does not self-
intersect.

Conversely, in a given coordinate system an accelera-
tion field 4 is given by

AN = @Ol 0 A )
= (" 4:0)) - (.6)

Then, the initial conditions /(0) = " and #/(0) = ¥}’ and
the differential equation

7(s) = 42 (Y (),7()) 3.7
determine a unique curve ¥ up to a translation in parameter
space such that j'(y) passes through y'e J'(R,, M).

Unless required for clarity, the superscript denoting the
order of the jet and the coordinates of the base point will be
suppressed. Let (Ux) , and (53] , be charts of peM. Set
X =x0x "' and X = xox ~'. Then XoX = id and XoX = id
with suitable domain restrictions. The coordinates of a 2-jet
with respect to these charts, (,,75) and (¥},7,), are related
by

vi=Xrl,

7y =X + X hriry, (3.8)
where (X |, X §, JeGL*(n) is the 2-jet of X at x( p). The coordi-
nates of a 1-jet, (¥} ) and 7, are related by the first of equa-
tions (3.8).

Definition: A geodesic acceleration field I™:

J'(Ry, M) — J*(R,, M)isan acceleration field for which,
at each peM, there is a chart, say (U, X) ,, such that

F7) =70, 3.9
This definition is a modern formulation of Weyl’s definition
of a symmetric linear connection. (See Ref. 14b, Sec. 15, p.
114)

Theorem 1: An acceleration field is geodesic iff relative
to any given chart (Ux) ,
rioh= — F}kylj'}’lk ,
where the I, are functions only of peM.
If an acceleration field is geodesic, then relative to some
chart (U,X) ,, it is given by Eq. (3.9). Then relative to (U,x) ,
rH=E HOr& Hxw)
= X)) (7)) = X )X7#,0)
= (VlierirnX[lenY{?’lk ).
Thus (3.10) holds with "}, = — X';,, X /X 7" which are func-
tions only of peM. Conversely, if an acceleration field is giv-

(3.10)

(3.11)
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en by (3.10), then relative to (U,%),

Ty = (= XM XX 5 + XX, X Oppe . (3.12)
Consequently, there exist charts in which 7% (7]) vanishes;
namely, those for which

Xi =Xl . (3.13)
Geodesic accelaration fields can all be obtained as cross

sections of an AFB with PFB Z%(M ) . Consider the space of

maps I': J '(Ry,R5) — J*(R,,Rj) such that 70" = id and
r ) =@l —Tirird, (3.14)

where the I}, are just numbers. This function space is a

manifold of dimension n(n + 1)/2 with the global coordi-
nates I" . The group GL?(n) acts on this space according to

(@ @ )]y = @I, —d)a; Pac 1. (3.15)
Note that this equation has nothing at all to do with the
manifold M whereas (3.12) refers to a particular peM and the

i in (3.12) are functions of p.

Denoted the space of maps defined by (3.14) by GA.
Then using the GL*(n) action on G4 given by (3.15) con-
struct the AFB

G A M) = (GAM),75,,M,GA,Z*(M)). (3.16)

Then every geodesic acceleration field on M is given by a
cross section I'"M — GA (M) of GA (M).

4. PATH STRUCTURES

A path in M will be denoted by £. That a curve ¢ is a
member of the equivalence class defining & will be denoted
by ye&, or £ = [y]). The k-lift of a curve y:I — M is the curve
7 — J*(R,, M) which defines a curve j§ ():

I —D*(M )by means of the right action R, of P*onJ *(R,,
M ). The k-lift of the path & in Mis the path (&)= /%, ()]
in D* (). (Note that it is not appropriate to define j*(£) to
be the path [ j* ()] since the set of parameter transforma-
tions allowed for [ j*(y)] is in general the subset of those for
[¥]such that j%(u) is the identity of P *.) A general element of
D* (M) will be denoted by £ *. General curves and paths in
D* (M) may be defined but will not be needed for the pur-
poses of this paper.

Relative to a coordinate chart (U,x) , for peM, y'
eJ '(Ry,M ,)and y’e J *(R,,M ,)are determined by the
coordinates

7' = &(pr),
7/2 = (xi(p)!712i97/22i) . (41)

In terms of these coordinates, the right actions R, and R,
defined by (2.10) are given by

R, (', jow)) = (x'(2).(Du)r)
R, (7’2’1(2)(#)) = (x'( P)>(D#)7’12i,(Dl~‘)2}’22i +(D 2.“)7’12[) ,
4.2)

where Dy and D *u are the first and second derivatives of the
parameter transformation at ¢ = 0. From (4.2), it is evident
that the portion of D'(M ) over U is covered by the n coordi-
nate charts defined by taking Du = 1/y{*for b = 1,...,n.
Similarly, the portion of D*(M ) over U is covered by the n
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coordinate charts defined by taking Du = 1/72® and

Dip= — /"y 4.3)
for b = 1,...,n. In general, equations will only be written for
the case b = n, a case which is particularly apt for discussing
timelike paths when » = 4. In this case the parameter trans-
formed coordinates are given by

El=vrv'",
V=rivd S =0 vV (44

and satisfy £ 1" =1, £1" = 1, £ 2" = 0. In terms of local co-
ordinates, elements £ 'eD) (M ) and £ *eD? (M) are given by

£'=x(p &%),

§2 = (xi(P)’ %a’ é—%a) ’ 4.5)
where a¢ = 1,...,n —1. For convenience, the superscript de-
noting the order of the element and the coordinates of peM
will in general be suppressed.

Let y:. — M be a curve in M. Then the lifted curves in
D'(M ) and D*(M ) are given by

Jr, NG = (xoy (5).£ 7)),

Jr,()6) = (x°¥(s).6 F(6)£5(9) 4.6

where

§16) =7()/7()

£506) = [P 7@ — 7OV eI/ [r6)P . 4.7
Writing x'(s) = x‘op(s) = 7/(s) , one readily obtains
agey . AX°
ORE-
agn _ d7X°
530 = @ 4.8)

For the case n = 4, £ $(s) and £ §(s) are the 3-velocity and 3-
acceleration, respectively.

Definition: A path structure (PS), 7, on M is set of
paths in M such that for every element £ 'eD'(M ), there ex-
ists exactly one maximal path £€Z such that £ 'is on j'(£).

Definition: A directing field on M is a map =
D'(M) — D*(M) such that 7} o= = id.

In terms of local coordinates, a directing field Z'is given
by

E(Xi(P)’ 57)
=(Z i(xi(P)’g7)’5‘11(xi(p)’§7)’Eg(xi(p)9§ )
=@ (P)ET.E5 (X (P)ED)) -

Lemma: Every PS on M defines a unique directing field
on M and conversely.

Given a PS, choose £ 'eD'(M ) and let £ = [y] be the
unique path determined by £ ' = (x'(p),£ §) . Let j% (¥)(s)
= (xop(s),£ {(s),£ $(s)) and let £ ¢ be the value of £ ¢(s) at p.
Then ='is defined at £ ! by

Eix(pETY =65 . (4.10)

Conversely, a directing field = determines a PS by
means of the differential equation

£56) = F3((p)£5O),

(4.9)

.11
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which by means of (4.8) may be reexpressed as
dx® ._a( ;i dx")
—— == x\—].
dx")}? dx"
The coordinate transformation formulas (3.8) together
with (4.4) yield the transformation formulas

£ X5+ X8
X+ Xxrer’
£s X568 + X5, 6067 +2K5, 6% + X
Xn+Xrery
XpE8+ X 6067+ 22X 65 + X0,
B X:+ X677

@4.12)

VI"\I
-R

(4.13)

Definition: A geodesic directing field IT1:D'(M)
—D¥(M)is adirecting field for which, at each peM, there is
a chart, say (U,%) ,, such that

NEH=6¢10. 4.14)
Note that every geodesic directing field corresponds to a
class of symmetric linear connections which are projectively
equivalent. (See Ref. 12, Sec. 22, p. 56.)

Theorem 2: A directing field is geodesic iff relative to
any given chart (Ux),

N3(ER) = &1, E567 + 21T, £4 + IT;,)

- (H:tré—,l)g‘l’ + zn‘:pg,l) + Hf:n) ’
where the IT', are functions only of peM and I1’; = 0 [so
that I, and II;, can be eliminated from (4.15)].

Let Il be a geodesic directing field satisfying (4.14).
Then relative to the chart (Ux),

M(ET) = X)X e )X X £n
=@M(ED=XXNELD.

Using the inverse of (4.13), one obtains

(4.15)

(4.16)

Xo,ERET + X Er 4 X2,
Xr+XtEY)
_XLERETH LB XL,
X +XIETY T

NZ(57) =

Substitution for £ ¢ in terms of £ ¢ gives
ME(E) = —ETX X, XIERET + 2X K X JEX
+XLX XD+ XX X806

+2XEXIXIER + XEXIX]Y.

i

4.18)
Since I'; = — X', X 2X by (3.11), (4.18) is the same as

(4.15) with the IT; replaced by I"?; . However, one can de-
fine I',=I"%, and

W, =r4y —1/a+0)16,r, + 87T, 4.19)

where I1}; = 0. The terms in (4.18) involving I'; cancel, giv-
ing (4.15).

Conversely, suppose a directing field is given by (4.15).
Then apply (4.13) (for simplicity choose X% = § %) to
obtain

1344 J. Math. Phys., Vol. 21, No. 6, June 1980

M3E D) =N(EP + X067 +2X 5 + X3,
— TG (&N + X 6569
+X68+X0,). (4.20)
The right-hand side vanishes for the choice X', = IT', ; so
that, a coordinate chart exists in which (4.14) holds.
Geodesic directing fields can all be obtained as cross
sections of an AFB with PFB 2"*(M ). With apologies for the
multiple use of the same symbols, consider the space of maps
I:D'(R;) — D*(Ry) such that 7; oIl = id and with T1Z( £ %)
given by the expression (4.15) with the understanding that
£ ¢ denotes an element of D'(R}) [not of D'(M »)] and that
the IT"; are just numbers (not functions of peM ). This func-
tion space, denoted by G=;, is a manifold of dimension
n*(n +1)/2 —4 (since IT! ; = 0). Again, there are n coordi-
nate charts. Corresponding to the chartin which &4 = 1 and
&3 = 0, one may choose to eliminate IT}, and I1},. An ele-
ment (2)eGL?*(n) acts on G= according to

- @@ "'. 421

The effect of this transformation of the H'Lk can be found by
successive application of (4.13) with the (X /;, X', ) replaced
by (@', a';). Thus one can construct the AFB

G=M)=(GEM),7;=,M,GE,TYM)) (4.22)
and every geodesic directing field on M is given by a cross
section II:M — G= (M) of GE'(M).

Finally, it is clear from Theorem 2 that if IT is a geodesic
directing field, then I15( £ f) is a cubic polynomial in £ # in
every coordinate chart (U,x) ,. The converse is also true.

Theorem 3: If with respect to every coordinate chart
(U,x) ,, the corresponding function = §( £ £) which deter-

—
3

mines the directing field = is cubic, that is, if

EED=AT+BIER + CoE087 + Dy ERETET,
4.23)
where the coefficients 4, B, C, D are functions only of peM,
then =’ is geodesic.
Under a coordinate transformation, a directing field
tranforms according to

Z=X)=zX). (4.24)
In terms of the function £ $( £ P), this law becomes
EUEH=ZUED
 XpER(ED + XS ERET + 2X 68 + X5,
B X;+ X287y

X ER(ED A X ERETH2X L EN + X, Es

(Xr+X2£7) v
(4.25)

where £ %( £ P) is given by the second equation of (4.13). The

expression for £ ¢( £ £) is obtained by substituting (4.23)
into (4.25) and by expressing £ ¢ in terms of £ ¢ using the
inverse of the first of Egs. (4.13). The resultis not in general a
polynomial unless the coefficients D ¢__ have the form

poT
D&, =&D,, +82D, +8D,,). (4.26)

por
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However, if this condition is satisfied, then (4.23) may be put
into the form (4.15) by redefining the coefficients in the fol-
lowing way. Set

B:=2B%+5B,

4.27)
B=[1/(n +1)]Bs,
and
cs, =Cso, +6:C, +68C,,
(4.28)
C,=[l/n+1)]Cq, .
Then it is only necessary to make the identifications
D, =1, C2 =12,
(4.29)
By= -1, 4°= —1I;,,
from which follow (recall IT}; = 0)
B=B:= -, =1,
(4.30)
C,=Cs= —Ng, =,

5. SYMMETRIES OF CURVE AND PATH STRUCTURES

For the examination of differentiable manifolds and for
the discussion of the symmetries of geometric objects defined
on them, there are three qualitatively different scales to con-
sider; namely, global, local, and micro. In each case, a sym-
metry is an invertible, active transformation of the manifold
which preserves the geometric object when attention is re-
stricted to the appropriate scale. For a given scale, the set of
transformations which preserve a given geometric object
form a group or pseudogroup called its global, local, or mi-
crosymmetry group, respectively. Note that the use of the
term “‘infinitesimal symmetry group” instead of “‘microsym-
metry group” would incorrectly suggest that the Lie algebra
of some finite group was under consideration. The symmetry
groups will be defined for the cases of curve and path struc-
tures and for the corresponding acceleration and directing
fields, the geometric objects of central interest in this paper;
however, similar definitions would apply to any geometric
object.’®

First, consider global symmetries of a CS . Let

f:M — M be a diffeomorphism. Then for every ye%, y*
= foyisacurveinMand €/ = {y/|ye€ }isa CSfor M. If
¢/ = ¢, then fis a symmetry of ¥ and the set of all diffeo-
morphisms f:M — M such that €/ = % is the global sym-
metry group of ¢ .

Moreover, if 7 isaPSon M and § = [y]isapath, {e &,
then{ / =[foylisapathon Mand 7/ = (£ |£eP ) isa
PSfor M.If 7/ = 2, then fis asymmetry of 7 and the set
of all diffeomorphisms f'such that 2/ = 27, is the global
symmetry group of &.

Because of the bijective correspondence between CS’s
and acceleration fields and between PS’s and directing fields,
the above definitions may be reformulated in terms of these
fields. Let 4:J '(R,, M) — J*(R,, M) be the acceleration
field corresponding to the CS %'. Then the acceleration field
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A/ corresponding to the CS, %/ is given by

A7 = p(fedoj' ()", (5.1)
where /*(f)JJ “R,, M) — JX(R,, M) is the k-prolonga-
tion of f:M — M. The condition that the CS remain invar-
iant under fis

A7 =4. (5.2)

If . — M is a curve on M and p is a parameter transforma-
tion, then since

Frisop) = (forri@w), (5.3)
This action of the j*(f) can be factored by the projective
transformations j* (1) to define the action on D¥(M)

F P @) = e (foD). (54)
Consequently, if Z:D'(M ) — D*(M ) is the directing field
corresponding to the PS, 7 then the directing field = / cor-
responding to the PS &/ is given by

E = PfreEe ()] (5-5)
and the condition for invariance of the PS, &, becomes
=Z. (5.6)

If the global diffeomorphism is replaced by a local
diffeomorphism f:U — Vin the above considerations and if
the invariance conditions are applied to the restrictions of
curves and paths to U and V, then one refers to the local
diffeomorphism f as a local symmetry and the set of such
local symmetries forms a local symmetry pseudogroup. If, in
addition, the local diffeomorphisms are required to leave
some point p €M fixed, the terms p-local symmetry and p-
local symmetry pseudogroup will be used. In this case, the
invariance conditions are applied only to those curves and
paths which pass through the point p .

The set J*D (M ,,M ,) of k-jets j* (/) of diffeomor-
phisms f:M — M which leave peM fixed form a finite di-
mensional Lie group GL,. The group product is k-jet com-
position. The group GL is isomorphic to the group
GL*(n). For / < k, there is a natural projection from GL* to
GL/, whichmaps /% (f)into j',(f). The group GL* actson
J*(Ry,M ,) according to

(i) = js(fop). (5.7

Again, parameter transformations commute with the
action (5.7) so that the group GL*, also acts on D*, (M) ac-
cording to

F5 ()0 jo, ) = jr, (fo1) -
[See (4.6) and (4.7).]

As noted above, a diffemorphism finduces transforma-
tions (5.1) and (5.5) of acceleration and directing fields, re-

spectively. If f( p) = p, then one may restrict these transfor-
mations to the point peM to obtain

AL = j()4,°5,() ",

(5.8)

5.9
E1 = L (f)eE 0, (N,
called the microtransformations at p of the curve and path
structures.
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Definition: A microsymmetry of CS,% (oraPS,#)ata
point peM is an element of GL?, which leaves the corre-
sponding acceleration field 4 (or directing field ') invariant
at p . The set of such microsymmetries forms a group which
isa Lie subgroup of GL’, called the microsymmetry group at
D

The invariance conditions are

Al =4 (5.10)

Relative to a chart (U,x) »» the microtransformation
7(f) is represented by
Fup@ofox= Ny =(f5,1%), (5.11)
where f; is the Jacobian and [ is the Hessian at x( p). For
rieJ'(®R,M,),
A=A ')
=AU D) = U 7 I ANS 7))
=L LA 7D+ TR i)
(5.12)

=>f =

p> = p T =p

Consequently, the transformation law is
AL W) = AT YD+ o f TV rive.

(5.13)
Replacement of y{ by f*,7{ gives for the invariance
condition
A5(f5rD) = FiA5G) + farivd. (5.14)
For an infinitesimal microtransformation
(f)=(6; + €F' ,eF",), (5.15)

where € is infinitesimal; consequently, the infinitesimal ver-
sion of (5.14) is
FSy0/orA (vl) = FiAd (i) + fuvivi. (5.16)
The corresponding formulas for directing fields are ob-
tained as follows. Choose one of the r coordinate charts for
D', (M ) and D% (M) corresponding to (U,x) ,, say the nth.
Then apply (5.9) in the form
/==
Using (4.13), one obtains for £, €D’ (M)

(5.17)

_ N f‘:+f‘2§.")
= f gl L B85
UED (f:+f;§¥
=(fz+f‘z§f:_,a(fz+f‘z§f))
fo+ frey’ fr+ frey
(5.18)
and
(NHEED , ]
_ o g gy _ (Lot 58
=(fUELTLED) (_—_fo';ﬂ’

SRELED + fLE6T + 2060 + /o
(fn+ frE7)
 SEEED + L T 205 0+ S
(fr+ I8
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()

Using the convention £ ] = 1, the result may be expressed
more compactly as

s{a(—f i )
el

_ SSEREDSIE ~ [HERED S

(fi&3y
4 SREIETSIE] —}f’}k§{§ff§’§'1 . (520
(fi£1

Theinvariance condition corresponding to (5.14) is obtained
by replacing = / by = in (5.20). Finally, using (5.15), one
obtains for the infinitesimal version of the invariance
condition
o5 ¢
gj;m)[Fm +FP—EQFET + )]
1
+255(EDIFLET + Fr ]
+ Z(ED[FRET —F%]
=F2 (6T +2F EF+FY,
—ES[Fh 6067 +2F, 60+ F, ] (5.2D)
6. SYMMETRIES OF GEODESIC CURVE AND PATH
STRUCTURES

In this section, a number of theorems are stated and
proved which serve to characterize geodesic curve and path
structures geometrically in terms of their microsymmetry
groups.

Theorem 4: A curve structure ¢ is geodesic if and only
if its microsymmetry group for every peM is a subgroup of
GL? isomorphic to GL'(n).

Let A4 be the acceleration field corresponding to a geo-
desic CS,% . Then with respect to any chart (Ux),

Air)= —Thrirt. (6.1)
Substitution of (6.1) into the invariance condition (5.14)
gives

fij‘k=f;rl,'k“r‘)mflj~fz- (6.2)
Thus the microsymmetry group is the subgroup of GL?, of
elements of the form

il =T 5 D). 6.3)
It is straightforward to verify that this subgroup of GL? is
isomorphic to GL'(n).

Conversely, assume that the microsymmetry group is
isomorphic to GL'(n). An infinitesimal element of GL? has
the form (5.15). For any element in the microsymmetry

group, the F', are determined by the F',. The product of two
such elements is

&, + €(F') + G ela (F) +a(GD).  (64)
Closure requires linearity

@i (F; + G = o}y (F) + au(GY) (6.5
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and &', (F) vanish when F] vanish since the identity ele-
ment is (6%,0) . Thus

ay (Fi)=ay,'F7, (6.6)
where the @', depend only on the point peM.

Now assume that 4 (¥{) is at least C* and set

A5(r)) =4+ Byl + Churiri + '), (6.7

where 4,B",, and C*, depend only on peM and w'(y;) is of
order (7{)’. Substitute (6.7) and (6.6) into (5.1) and note that
the F', are arbitrary. Set the coefficients of F'; equal to zero
to obtain
Y'[B) +2C5 7] +w,(¥)]
=8, [4° + Byl + Cuvivi +w())]

+ i pivt. ©8)
Equating the coefficients of terms of corresponding order,
one obtains

A°=0,
5Bi= —685,

) = 8wr) . (6.9)
From the last equation of (6.9), w’, = O for is7; so that, Vi
the ith component of w depends only on the /th component of
7:. But then choosing » = i and s #i, w’ would have to be of
first order in ¥ contrary to assumption; consequently,
w'(y,) = 0. From the second equation of (6.9) by contracting
onsand j

Bi =68.(1/n)B: =65:B. (6.10)
The third equation of (6.9) shows that the a’;{, have the form
required in order that (6, + €F’,,ea’{,F?) is a microsym-
metry group element which is the infinitesimal version of
(6.3) where

ay =Clh=—T"%. (6.11)
Using these results in (6.9), one obtains
As(r)) =By, —Tiyvive. (6.12)

The CS defined by (6.12) is geodesic since the term contain-
ing B can be eliminated by a suitable choice of parameter.

The fact that the microsymmetry group of a geodesic
CS is isomorphic to GL'(n) is closely related to the existence
of affine normal coordinates!' and the fact that such coordi-
nates are unique up to a GL'(n) transformation.

The next theorem characterizes the maximal micro-
symmetry group of a geodesic path structure & with corre-
sponding directing field =.

Theorem 5: If a path structure 7 is geodesic then its
microsymmetry group for every peM is a subgroup of GL?,
isomorphic to the subgroup of GL*(#) with elements of the
form

(@',a'a;, +aja;). 6.13)
The proof of this theorem is tedious but straightfor-

ward. Consider an arbitrary infinitesimal element (5.15) of
GL’. To be an element of the microsymmetry group Z, the
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parameters F', and F, must satisfy the invariance condi-
tion (5.21) for arbitrary £ ¢ where the ='5( £ {) are given by
the expression (4.15) for II3( £ ) in terms of the IT’, which
are known and depend only on peM. Carrying out the substi-
tutions, one obtains a polynomial in £ { which must vanish
for arbitrary & . Equating the coefficients of this polynomial
to zero yields the various components of the relation
Fijk =F§n{ik —F{injk —FiH‘}, +‘S;Fk +‘S;<Ff .
(6.14)
Consequently, the F';, are determined in terms of the pa-
rameters F'; and F, which may be chosen arbitrarily. To
organize the computation for (6.14), it is useful to define

F,=[1/(n+D]F},
(6.15)
e=Fl — (6F, + 6.F)),
so that £ = 0. After substituting for F "« in terms of F U
and F,, the terms containing F; drop out and the F', are
determined by the first part of (6.14) involving the IT', . It is
also useful to recall that IT}, = 0.

The finite form of the microtransformation (5.15) with
F', givenby (6.14) is

5 iy = [ f 7+ f i+ fiu f ). (6.16)
It is a straightforward matter to verify that the subgroup of
GL’, of such elements is isomorphic to the projective sub-
group of GL*(n) with elements given by (6.13).

Corresponding to the normal coordinates of a space
with a geodesic curve structure, there are for a space with a
geodesic path structure special projective normal coordi-
nates’? determined up to a projective transformation.

Consider the action of GL'(#) on a flat n-dimensional
affine space. Straight lines through the origin are mapped
into straight lines through the origin. Moreover, the dilata-
tion subgroup of GL'(r) of elements (¢°5’,) for seR (one
might also include reflections) maps each straight line
through the origin into itself. The following theorem states
that if the paths of a path structure are straight to second
order at every point peM, then the path structure is geodesic.

Theorem 6: If a PS, %, admits at every peM a micro-
symmetry j2(f)eGL} with j'(f) = (46) and A #1, then
Z is geodesic and conversely.

The converse follows from Theorem 5. Let /°,(f) be a
microsymmetry of & and let the corresponding directing
field be = The invariance condition is given by (5.20) with
E{*=Z¢ . Since f', = A8 withA #0and A #1,
F3EN =A== DIfGEIET —ETFWE1ET]

(6.17)
which is of the required form (4.15).

The following theorem states that if a path structure 2
is microisotropic to first order, then it is geodesic.

Theorem 7: If a PS, 7, admits at every peM a micro-
symmetry group G ,(Z), a subgroup of GL‘;, , which in-
duces a transitive action on ]D‘F(M ), then & is geodesic and
conversely.

Again, the converse follows easily from Theorem 5.
Suppose, then, that G,(Z?) induces a transitive action on
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D;(M). An arbitrary infinitesimal element of GL’, is given
by (5.15). For every such element that is an element of the
microsymmetry group G,(Z), the directing field = of &
satisfies the constraints (5.21). Since, G,(Z) acts transitive-
ly on D, (M ), an n-dimensional projective space, and since
dilatations do not affect points of D} (M), the F', in (5.21)
may be chosen arbitrarily up to a dilatation. In particular, if
Fi=y,+1/m8 x,
(6.18)
Yi=0, y=F.
Then the y, v and Y% may be chosen arbitrarily. Now,
assume that £ 5( £,) is at least C® and expand in a Taylor
series about £ ¥ =0,
E5(E)=A°+BLE+CLELET+ DS EETET
+ES . E16T6767 +w(§), (6.19)
where it is assumed that w*( §,) is of order five in the varia-
bles £ {(a = 1,...,n — ). Substitute (6.19) into (5.21) and
pick out the terms of order at least four in & §. Expressed in
terms of the .,y v%, and y, the result, which does not
depend on the F', , is
Plus(E0)]+ x5 [ — ETETwS, (&) +2€ Pu(€)
An LW s 5, X5 15 1W, (5, 1 1
+§{Itwﬁ(§l) _2§ IBE‘;rraTg IP§1IT§III§;- +§?E gva‘r
XEPETETET +E5D8 L EPETET — 61D L, EPETET]
+X7{3 —ETw(£,) + 6% ;’w,(:;(gl)
— SQW( &) — 8% (&) + 4 TE ., pE 6767
+ (/ny[ =26 w5 (E) +ES, £ FETETET]=0.
(6.20)

Since y 2,y and y” may be chosen arbitrarily, for arbitrary
parameters A 4,4 %, and v, which depend only on peM, one
obtains the relations
wy(§)=As[ —26Twe (&) +ES £ PETETET],
(6.21)

—EPETWS(E) +26 Pw™(£) + £TwP (&)
— 28 PES o S PETETET +EVE L L EMETETES
+&VDY, L EETET —EPD, LEPETES

; =ul[ 287w (§) + ES,, £ PETETET], (6.22)
an

—§Tw(5)) + %8 Tws, (5)) — 83w (§,) — S pw(£))
+4§ ;’E(L ﬁoﬁg lpg Té_(l’ - 6{73E7;91707§ 1p§ 717§7§;-
+20LES L EETETET

=V [ =28 Twi(ED)+ES . E£PETETET]. (6.23)
The terms of order four of (6.22) give
ESDP EFETET —EPDS L FETEY
=uPES  EPETETE . (6.24)
Thus
wEL . +uES ., =0. (6.25)

Suppose 3a E< 0. Then (6.25) for B = a givesu* =0

p TOT
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and then (6.25) for S~a gives £ ? = 0. On the other hand,

suppose 3a u*+0 . Then (6.25) for f = a gives E¢, ,,. =0
and (6.25) for f#a givesE 5. =0.

Consequently, the right side of (6.24) must vanish, and
it follows that

D‘;‘ITU =% [6711)#0 +6ZDpa +65Dpﬂ'] ‘
Moreover, one must have ¥ _E =0, forif 36

- p ToT
E?® ., #0thenV, u*=0 and the right side of (6.22) van-
ishes. The terms of order five of (6.22) then give for any o, 5
—2E0ES  EPETETET +ETE D EPETETET =0
6.27)

(6.26)

and for @ = f = 6 this gives

ETES, EPETETET =0 (6.28)
whence £°, . = 0 which contradicts the assumption. Thus
VaE (:) Tor 0 .

Next (6.21) gives
wip(§)= =248 Twi(§).

Contraction with & { gives

(14+2£25)67uw5(£,)=0.
Consequently, since w™( &,)is C',

§Twi(6,)=0, wyp(§)=0.

Finally, (6.23) gives

SHw'(§,) + 8w (5,)=0,
and by contraction of ¥ and B

wi(£,)=0. (6.33)

Since it has been shown that = $( £,) is a polynomial of de-
gree at most three, the proof may be completed by appealing
to Theorem 3 above in Sec. 4. Alternatively, since (6.26) is
just (4.26), the redefinition argument following (4.26) may
be applied directly.

7. DECIDABILITY OF THE CONSTRUCTIVE AXIOMS OF
GRT

Recent criticisms of the geodesic method of EPS were
outlined in the Introduction. Before proving their invalidity,
we shall briefly analyze their philosophical basis and con-
trast the latter with the conceptual motivation, significance,
and aim of the constructive axiomatics of EPS. This will
clarify to what extent the work of EPS constitutes a solution
to the controversy between realism and geometric conven-
tionalism in favor of realism.

Einstein suggested the distinction between principle
theories and constructive theories." The aim of a construc-
tive theory is to reduce a wide class of diverse complex phys-
ical processes to simpler ones. Our understanding of the for-
mer is constructed out of hypotheses concerning the latter;
for example, the kinetic theory of gases constructs mechani-
cal, thermal, and diffusional processes from the hypothesis
of molecular motion. On the other hand, a principal theory
postulates abstract structural constraints which events are
held to satisfy. Einstein’s example is the classical theory of
thermodynamics.

The special and general theories of relativity are princi-

(6.29)

(6.30)

(6.31)

(6.32)
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ple theories of spacetime structure. The four dimensional
pseudo-Riemannian manifold is the mathematical model of
the physical spacetime of the theory of general relativity. It
was Weyl who first distinguished between two more primi-
tive structures of the model: the conformal structure, and the
projective structure of paths defined by the set of all unpara-
metrized geodesics."

Weyl suggested that the conformal structure represents
the causal structure and may be identified with the propaga-
tion of light, and that the projective structure represents the
inertial structure of spacetime that is revealed by the path
structure of free fall motions of suitable test particles.

Using these structures and their compatibility relation,
Ehlers, Pirani, and Schild' have derived a unique Rieman-
nian spacetime metric solely as a consequence of a set of
“geometry free” axioms concerning the incidence and differ-
ential-topological properties of light propagation and free
fall.

The “geometry free” axioms are propositions about a
few general qualitative assumptions concerning free fall mo-
tion and light propagation that can be verified directly
through experience in a way that does not presuppose the
full blown edifice of the theory of general relativity. From
these axioms, the theoretical basis of the theory is recon-
structed step by step. Following Reichenbach,' EPS call
their approach constructive axiomatics.

The aim of a constructive axiomatic approach to a prin-
ciple theory of space—time is to exhibit the physical basis for
the particular structural constraints which the principle the-
ory postulates certain events must satisfy. The structures
contained in the mathematical model of a principle theory
should all have in principle a link to physical experience.
Spacetime models with inherent structures that do not relate
to experience (e.g., absolute time) are defective for that rea-
son.'® Hence, it must be theoretically possible, that is, possi-
ble in principle, to relate the various structures to experience
in a way that is consistent with the theory.

Hence a constructive axiomatic approach should satis-
fy the basic requirement of any proper and complete theory.
Completeness requires that the reconstruction of the various
structures inherent in the mathematical model of a principle
theory of spacetime be realizable by means of relatively sim-
ple physical systems that are themselves well defined within
the specific theory being considered, that is, that can be con-
sidered as an interpretation of the inherent structures of the
spacetime model and are consistent with the theoretical con-
sequences of the theory which presupposes that model. Ein-
stein was well aware of this problem and considered the use
of clocks and rigid rods an undesirable makeshift."” Unlike
light propagation and freely falling particles, rigid rods and
ideal clocks are relativistically ill defined and are thus un-
suitable for the determination of the inherent structures of
the spacetime of general relativity. The concepts of a theory,
its formulation and measuring devices should all lead to a
unified, self-sufficient and conceptually coherent world pic-
ture. There are essentially two types of conventionalist view-
points. The less radical type may be called epistemological
conventionalism. On this view, observationally indistin-
guishable theories may utilize alternative geometries, but it
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is in principle not possible to single out that theory whose
underlying geometry is the true geometry of the world. Any
such decision, whether or not it is guided by criteria of sim-
plicity, is essentially epistemically conventional. Epistemo-
logical conventionality permits the existence of a true geom-
etry, but access to it is not possible in a nonconventional
manner.

Ontological conventionalism asserts that the continuous
spacetime manifold is metrically amorphous. All nontopolo-
gical structures are extrinsic to spacetime and are stipulated
by means of the behavior of material entities such as clocks,
light rays, and geodesic particles; that is, the metric structure
of spacetime is always relative to which class of material
entities is chosen as the standard of measurement (which
choice is arbitrary). According to this view; metrical rela-
tions within spacetime reduce to the relations of the chosen
material standards of measurement; that is, the latter are
ontologically constitutive of the former.

We are now able to see what the criticisms leveled
against EPS really amount to. The charge of epistemic circu-
larity is directed against the geodesic method because the
latter employs the concept of free fall as a standard of inertial
motion. The criticism is thus essentially about the status of
the infinitesimal law of inertia. Since, as the argument goes,
the inertial law does not by itself furnish independent criteria
by which one can decide when a test particle is free, it is
considered to be conventional in character. But this reason-
ing rests on a serious misunderstanding of both the law of
inertia and the geodesic method which employs it.

First, the essential idea of the geodesic method is to
discover through the behavior of physical systems various
intrinsic, primitive geometrical spacetime structures. It is in
spirit analogous to Helmholtz’s procedure of deducing the
existence and form of the metric of physical space.'* Helm-
holtz asked “what must the geometric structure of space be
in order that a mechanics of rigid bodies is realizable in that
space?” Thus Helmholtz is essentially asking what abstract
structural constrainst must a principle theory of mechanics
postulate that certain events must satisfy. According to
Helmholtz, the structure of space follows from the possibil-
ity of congruent transport of rigid bodies; that is, the struc-
ture of space constitutes a necessary condition for the possi-
bility of the realizability of certain physical processes and
operations within that space; in particular, whether or not
space possesses a constant curvature, or whether space is a
general Riemannian space depends on whether or not phys-
ics allows the introduction of ideal rigid bodies.

The structure of space is, according to Helmholtz, the
framework for possible physical laws. Certain types of laws
presuppose certain types of spaces. Hence, on this view, the
law of inertia presupposes an affine structure and may thus
be regarded as a geometrical statement.

The conventionalist view that considers the behavior of
material entities as being ontologically constitutive of the
metrical structure of spacetime is clearly at variance with the
notion of a principle theory. It is clear that the views of Weyl
and Helmbholtz are directly opposed to those of ontological
conventionalism. According to Weyl, ... the behavior of
rigid bodies and clocks is almost exclusively determined
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through the metric structure, as is the pattern of the motion
of a force free mass point and the propagation of a light
source. And only through these effects on the concrete natu-
ral processes can we recognize this structure.”'® Thus ac-
cording to Weyl we discover through the behavior of phys-
ical phenomena an already determined metrical structure of
spacetime; that is, the metrical relations of physical objects
are determined by the second rank physical metric tensor
field which is only revealed by, not defined by, those rela-
tions. Although distinct from physical objects in space—time,
the metric tensor explains the geometric relations between
them.

Secondly, Newton’s first law and the corresponding in-
finitesimal version thereof, is physically realized by a suit-
able class of objects in free motion. These laws are geometri-
cal statements concerning the underlying spacetime
structure. The inertial laws serve to define an affine structure
on the spacetime manifold. It is the affine structure that
plays the essential role in the formulation of all physical laws
that are expressed in terms of differential equations. In both
Newtonian physics and general relativity, all dynamical
laws presuppose that structure. Now, inability to identify or
single out a class of suitable test objects in an epistemologi-
cally noncircular way whose free motion exhibit the projec-
tive structure of spacetime means only that the truth of the
axioms concerning free fall is epistemically undecidable. But
any argument from the epistemic inaccessibility of free test
particles—even if this inaccessibility has a sound logical and
physical basis—does not establish that the structures de-
rived from the axioms are ontologically conventional. The
most that is entailed is epistemological conventionality.

However, epistemological conventionality permits the
assertion of the truth of the axioms and hence the inference
from them to a unique metric structure at least in this condi-
tional sense:

If the geometry-free axioms are true of the world and

are hence satisfied by an actual or possible nonempty

class of suitable test objects (light rays and symmetric,
nonrotating, neutral, freely falling particles), then there
exists a unique and intrinsic spacetime metric.

The truth of this conditional claim is incompatible with the
truth of ontological conventionalism, for if the latter were
true, then there could be no factual reasons, known or un-
known, for preferring one metric over another. But EPS
have at least shown that certain facts, if known, would single
out a unique intrinsic metric. That we may not perhaps avail
ourselves of these facts in an epistemically noncircular way
supports only epistemological conventionalism.

We shall now show that one does have epistemic access
to freely falling particles in a way that does not beset the
geodesic method of EPS with either logical or epistemologi-
cal circularity. First, note that freely falling particles are not
required to construct the radar coordinate systems. For this
purpose, any massive particles may be employed. Then, rela-
tive to such a coordinate system the trajectory of any other
particle may be determined.

If the motion of a particle is governed by a directing
field =, then, by definition, such a particle’s spacetime trajec-
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tory is determined uniquely by an event on the trajectory and
its direction at that event. Assume that there are many parti-
cles governed by a given directing field Z'if there are any at
all. Then collections of particles corresponding to various
directing fields can be built up by means of the following
comparison procedure. Two particles belong to the same di-
recting field class if and only if whenever they are launched
from infinitesimally neighboring spacetime events with di-
rections which differ only infinitesimally, their subsequent
spacetime trajectories remain infinitesimally near. Here, the
notion of near does not require a metric. Only an appeal to
the differentiable structure of the manifold is required. The
fact that in practice such a differentiable topological concept
of nearness would require limiting sequences of experi-
ments? would only complicate the matching procedure.
Note that requiring the directions to differ only infinitesi-
mally does not presuppose a connection since the infinites-
imal transformation has been left arbitrary. This matching
procedure permits the separation of particles into classes,
each class associated with a distinct directing field. The EPS
axiom regarding the existence of freely falling particles as-
serts the existence of at least one such class.

Particles with higher order gravitational muitipole mo-
ments can almost be eliminated from consideration at this
point. One would expect that their spacetime trajectories
would not be uniquely determined solely by an event on the
trajectory and the direction at the event but would also de-
pend on the orientation of the multipole moment as is the
case for particles with higher electromagnetic mulitipole mo-
ments. The motion of such particles would not be governed
by a directing field and the above matching procedure would
fail. The analyses of the motion of particles with gravitation-
al multipole moments,? both relativistic and nonrelativistic,
indicate that the motion of such particles is indeed not gov-
erned by directing fields; however, it is not possible to rely on
such analyses here because they presuppose a metric. Conse-
quently, the conceivable degenerate case in which only the
scalar magnitude of such a particle’s multipole moment in-
teracts with the gravitational field must be considered.

For each class of particles, the corresponding directing
field = could be measured at any given spacetime event as
follows. Take a large number of the particles and launch
them from many different directions in such a way that they
all pass through an infinitesimal neighborhood of the given
spacetime event. Track each of the particles in some radar
coordinate system. Then by curve fitting and differentiation
(4.8), the one and two directions (£, £, ) for each of the parti-
cles may be determined at the given event. These pairs in
turn determine the directing field

E5=535¢D (1.1

at the event in the given coordinate system. By repeating the
procedure for many spacetime events the directing fields for
the given class of particles may be measured.

Having measured the directing field with sufficient ac-
curacy at a large number of spactime points, the analytic
criterion (4.15) of Theorem 2 may be used to determine
whether or not it is geodesic. Assume a polynomial form for
the functions £ ¢ in (7.1) of degree greater that three, say five
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or six. Then use the measured data pairs (£, ,£, ) at the given
spacetime event to determine the coefficients by, for exam-
ple, the method of least squares. Then if the coefficients of
the terms of degree greater than three are essentially zero
and ifthe third degree terms otherthan £ 7D . £ {£ | arealso
essentially zero, and if this turned out to be the case for every
spacetime event considered, then one would conclude that
the directing field was geodesic. If it turned out that =°¢ were
not cubic polynomials of the desired form even at a single
spacetime event, then one would conclude that the directing
field was not geodesic. This curve fitting technique also
serves to determine the projective coefficients IT', (IT}, = 0)
as functions of the spacetime event. In turn, these coeffi-
cients uniquely determine a geodesic path structure.

The determination and measurement of the conformal
tensor density & ,, and the conformal connection
coefficients

Ky =139 e+ Fu,; — G 1) (7.2)

is adequately discussed elsewhere in the literature. Ehlers,
Pirani, and Schild have shown that the necessary and suffi-
cient condition that a geodesic path structure determined by
"x is compatible with the conformal structure determined
by ¥, is that!
ijkEnijk - K’}k = ngk gdql — ‘Siﬂk - 291‘ ,(7.3)
where the coefficients g, depend only on the spacetime event.
The Egs. (7.3) form a system of n*(n + 1)/2 linear equations
in the # unknowns g;. The structures are compatible if and

only if a solution exists for every spacetime event. If (7.3)
holds then the g, are given by

g =%£%,9"4 ",q (7.4

(for four dimensional spacetime); so that, the compatibility
conditions that must be satisfied by the 4 ', may be obtained
by substituting (7.4) into the right-hand side of (7.3). If the
structures are compatible, the unique symmetric linear con-
nection which preserves nullity of vectors is given by

ro, =K' +5~q/m1(gjk‘11 — Y9 — Y na,)
= 1T —4(‘5;% +8%qi) . 7.5
It is clear from this relation that it is possible to have any
number of distinct projective structures all compatible with
the same conformal structure.

If extensive investigation failed to reveal even a single
class of particles governed by a geodesic directing field, then
the EPS construction would fail to demonstrate the exis-
tence of a unique Riemannian metric. Such a structure might
still exist, but other means would have to be sought to estab-
lish evidence for its existence.

If one or more classes of particles governed by geodesic
directing fields were found and if none of the projective
structures were compatible with the conformal structure,
the construction would fail as before. If two or more projec-
tive structures were found which were compatible with the
conformal structure, then not even a unique Weyl structure
would exist let alone a unique Riemannian structure. There
remains the case in which exactly one class of particles gov-
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erned by a geodesic directing field compatible with the con-
formal structure is found. Then the projective path structure
revealed by these particles and the conformal structure re-
vealed by light propagation together determine a unique
Weyl structure. As discussed by EPS, parallel transport
along non-null curves is then well defined. Finally, the ab-
sence of the second clock effect is then the necessary and
sufficient condition for the existence of a unique Riemannian
metric.

In conclusion, the truth of the constructive axioms of
EPS is epistemically decidable in a noncircular manner, and
the metric structure derived from the conformal and projec-
tive structures and their compatibility relation is therefore
not even epistemologically conventional but constitutes an
intrinsic feature of the spacetime manifold that is revealed
through light propagation and free fall.
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